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Summary. — LANDAU and Lirsnirz (1959)(1) have mentioned the fol- 
lowing result: If two (or more) successive shock waves take a gas from state 1 
to state 2 and from there to state 3, the transition from state 1 to state 3 
can not, in general, be effected by the passages of any one shock wave. The 
object of this note is to obtain conditions for the transition from state 1 
to state 3 to be effected by the passage of any one shock wave. 


1. — Introduction. 


Let us consider two successive oblique steady shock surfaces S,, (x= 1, 2). 
Let D> 0,,, 4,j and u,,, (r=1, 2, 3)(*) be the pressure, density, velocity com- 
ponents of a particle of the fluid and normal fluid velocity in the states 1, 2, 3 
respectively at a point P. By state 1 we mean the region in front of S,,, by 
state 2, the region behind S,, or in front of S,, and by state 3, the region be- 
hind S,,. The strengths V, of the shock surfaces S|, may be defined as (**) 


proue [Yoni] 
Di ga 


(1.1) 


al 


(1) L. D. Lanpav and E. M. Lirsurrz: Fluid Mechanics (translated in English) 


(London, 1959). 

(*) In this and in what follows Latin indices take the values 1, 2, 3 and Greek 
indices the values 1, 2. 

(*) V,, is generally defined as normal velocity strength, but for simplicity we have 
termed it only «strength ». 
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where [ | denotes the difference of values of the quantity enclosed on two sides 


of the shock front; thus 


Eur] Ut apr Uni È 


The Rankine-Hugoniot jump conditions when the fluid passes a shock sur- 


face can be written as (*) 


(1.2 ) Lu] Tale À Vil nl Ai ) 
3 | ie 
; 79 N — a= aile 
(Ql. a) eg = posti 
(1.4) [Po] = Vins Want » 


where Xi are components of the unit normal to the shock surface S,,. 
By definition we have 


(1.5) Up = Uj dies 


The eq. (1.3a) is equivalent to 


1 


0 
PTE 


(1.3b) Ont = 


from which we obtain that if S,, is of positive strength, then 
(1.6) 0 
In consequence of (1.5) the eq. (1.2a) is equivalent to 


(1.20) Un = (1 — ANT 


aul * 


2. — Discussion of the problem. 


We will now prove the following theorem. 


mq n mt a APEGQN à A 32a Paar 3 n | 
THEOREM. If two successive shock waves NS, of positive strengths take a gas | 
from state 1 to state 2 and from there to state 3 at a point P the necessary and suf- 
ficient condition that the transition from state 1 to state 3 be effected by the passage 


(") In this and in what follows, the summation convention is not observed with re- | 
spect to repeated indices behind the solidus. 
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of a single shock S, is that the three shock surfaces S\, and S are tangential to one 
another at P. 
PROOF. From (1.3) we have 


1 1 
(2.1) ou de SE 


A CRE LES Pi) 


If the transition is to be effected from state 1 to state 3 by the passage of a 
single shock surface S, then (2.1) must be of the form 


1 
(2.2a) 03) = yu ; 
where 
(2.2b) ei she 


In consequence of (2.1) and (2.2a), we have 
(2.3) VE Vey — Va, =: 


This equation is always satisfied because of the inequalities (1.6) and (2.2b). 
Adding the two eq. (1.4) and using (1.2b) and (1.3b) we get, 


2.40) ey JO {V,,(1 à Vi ) + Vu} O1, ui, cos? 0, ’ 
Cai j € 


De Saber S 
where ie is the angle between a stream line in front and the normal to fe 
À 


According to the requirement of the problem (2.4a) should be of the form 
(2.4b) pai Di ou eos 0. 


Comparing the two eq. (2.4), we get 


3° n 7 OV. — V cos? 6 
(2.5) neo AA cos? 6), 


Using (2.3) in (2.5), we get 


(2.6) Ge Din 
Adding the two eq. (1.2a) and using (1.2b), we get 


(2.7a) WU =— te VETERE } Uy), COS 0,, ; 
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According to the requirement of the problem (2.7a) should be of the form 
(2.7b) ui — ug = — Vu, COS OX". 

Comparing (2.7a, b) and using (2.6) we have 
(2.8) Vi Xi da Vl ja VX = Ver | 


whence we get | 
(2.9) PT AT Pc Tr Vay) Con evs 
where 0,,, is the angle between the normals to S,, and S,,. 
à | 
Using (2.3) in (2.9), we get 
| 
Vai == VuNcos 6.21) = 0, 
or 
(2.10) Or), 
in consequence of (1.6) and (2.2b). 
Using (2.10) in (2.8) we get 
9 Ft Nes D € 
(2.11) Re SO eae | 
Hence we have the condition as the necessary one. The proof of the suffi- | 
ciency of the condition is obvious. For, when (2.11) holds, then (2.6) and 


(2.10) also hold. Consequently (2.4a) can be put in the form (2.4b) and (2.7a) 
Vomeuie storm (2. TD): 


Note: The strength of the shock wave S,, may also be defined as 


€ ¢ def [par] 
(2.12) VE ; (pressure strength), 
Pal 
91: n get CO] 
(BI) Dj È aa (density strength). 
Cal 
In terms of pressure strength, the Rankine-Hugoniot Jump conditions can 


be written as | 


P 
(2.144) [od = nc 0 
(02//Par) Ulm “Fà da ssi 
‘ L i A 
(2.145) [ul = — of LI 


(Oa/Pat) Won 


together with (2.12). 
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In terms of density strength, the Rankine-Hugoniot jump conditions can 
be written as 
D}, 
— 2 
1+ D,, 


D,, 
1 ate Dy) 


(2.150) Lui] = l 


(2.15b) [pa] = 


2 
Ox! Usl n 


together with (2.13). 
The theorem in this section can also be proved either by using P,, or by 
using D 


in exactly the same way. 


RIASSUNTO (*) 


LANDAU e Lirsuirz (1959) (') hanno riferito il seguente risultato: Se due (0 più) 
onde d’urto successive portano un gas dallo stato 1 allo stato 2 e da questo allo stato 3, 
la transizione dallo stato 1 allo stato 3 non può essere prodotta, in generale, dal passaggio 
di un'onda d’urto qualunque. Scopo di questa nota è di ottenere le condizioni in cui 
la transizione dallo stato 1 allo stato 3 sia prodotta dal passaggio di un’onda d’urto 
qualunque. 


(*) Traduzione a cura della Redazione. 
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Summary. — 1) The conditions are examined which a complex function 
of real variable must satisfy in order that it may be considered as the 
frequency response of a linear system. The cases of the physical real- 
izability and of the stability of the system are considered and use is made 
of the Hilbert transforms. 2) The relations existing between the real 
and the imaginary part ot the e.m. parameters of matter are studied 
by means of the Hilbert transforms, also known as Kramers-Rrònig 
equations. The case of impertect dielectrics is particularly examined 
and a suitably modified form of K.-K. equationsis presented. 3) The above 
considerations are extended to the anysotropic media; special reference 
is made to the susceptivity of magnetized ferrites. When losses are 
present, and the parameters of the tensor are consequently finite for 
any frequency, said parameters must comply with Kramers-Krünig 
equations. This is actually the case for the expressions which are generally 
used. 


Introduction. 


The subject of the present work has been dealt with in many papers (*) with 
different methods and symbologies. To introduce and justify some reasonings 


() This paper was presented at the 46-th Meeting of the Italian Physical Society 
Naples, 29 Sept. 1960. 

(**) Reference is made only to two recent papers, in which a more extended biblio- 
graphy can, as well, be found: J. S. ToLL: Phys. Rev. 104, 1760 (1956); B.S. GOURARY : 
Journ. Appl. Phys., 28, 283 (1957). 
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and remarks not found in the bibliography it was considered not useless to 
re-examine the whole subject. 


1. —- Mathematical premises. 


In order that a linear system be stable, i.e. that to any limited input cor- 
respond a limited output, the delayed part a(t) of the response to the unit 
impulse in ¢=0 must be absolutely integrable. 

This condition is necessary and sufficient. 

The Fourier transform of «(t) is, in this case, the frequency response, 
F (wm) = fi(0) + jf.(0) of the system. 
| Moreover if we assume that the system is physically realizable, 2.e. that 


the response «(t) to the unit impulse cannot precede its application [aœ(t) = 0 
for ¢< 0], the absolute convergence of the Fourier transform (©) implies 
that of the Laplace transform F(p), where the real part of p=r-+ jm is po- 
Sitive or zero. 

F(p), transfer function of the system, is then holomorphic in the right-hand 
complex half plane. Furthermore, if «(t) is assumed to be limited and con- 
sequently square integrable (its absolute integrability was already assumed), it 
follows that even F(p) must be square integrable and that the Cauchy formula, 
which allows to compute F(p) within a limited domain, can be applied even 
if we consider the jm axis as the boundary of the domain. 

When r—0, and the point p reaches the jw-axis, the Cauchy formula, if 
the real and the imaginary parts are separated, gives origin to the Hilbert 
transforms. These in turn become the Kramers-Krònig (K.-K.) relations 
when it is taken into account that f,(m) and f,(w), being the cosine and the sine 
transforms of a(t), must respectively be even and odd. 

It is thus possible to prove that the K.-K. equations are a necessary condition 
for the physical realizability of a linear system; the condition is also sufficient 
provided that the significance of the Fourier integral is extended by intro- 
ducing a mean convergence of it. 

The two K.-K. equations can be compressed in a single complex one, 
also known as «the dispersion relation », which is widely used in Physics when- 
ever an output function of time is a linear functional of an «input » function. 


2. — Imperfect dielectrics. 


In the study of the e.m. parameters of matter use is made of some func- 
tions, as e.g. the « equivalent dielectric constant » F(p) = e(p)+(a(p)/p), which 
present poles on the jm-axis. 
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This can be caused by actual instability or (as in the case under exam- 
ination) by the fact that these functions are mathematical operators which 
lose significance in said singular points, and are not true transfer functions 
(Laplace transforms of the impulsive response), 7.e. real physical parameters. 

It will be shown that even in these cases some integral relations can be 
deduced; these are, however, different from the K.-K. ones, which are valid 
only when no poles are present on the j@ axis. 

« Original » Kramers-Krénig equations can be quickly deduced as follows. 

If F(p) is holomorphic in the right-hand complex half plane, even 
F(p)/(p — jo) is such, except in jon. We integrate this function along the jo- 
axis, from which the jm -pole has been excluded by means of an half circle 
of infinitesimal radius. The contour is completed by an half circle cf infinite 
‘radius, both of said half circles lying in the right-hand complex half plane, 
which is free from singularities. 

Under the conditions pointed out in the Mathematical Premises, the last 
part of the contour integral vanishes and, since according to Cauchy’s theorem, 
even its overall value must be zero, it follows that the integral along the j@- 
axis must equal the residue in jm), changed in sign and divided by 2. 

Separating the real and the imaginary parts and taking into account the 
fact that fi is an even and f, an odd function, K.-K. equations are obtained (*): 


2 fs(©) 
(1) fi(@) = —— | DI , Oo du: 
TI) © — Wo 
0 
(09) 
¢ Di f ) 
(2) fs(@o) nd | hl >» Modo. 
TO] Om —— TUE 


0 


* FALSE re SI AVA à USI i 

(*) The integrals have to be understood in the Cauchy sense whenever they do not 
have significance in the ordinary sense. | 

an alternative form of eq. (2) is the following (H. W. Bope: Network Analysis, 
p. 286 and p. 313): 


œ 


] ‘4 (w) lu | 
- fi In etgh a du, 


(2°) fo(@) = 
mu du 


— 00 


where w= In As far as ; 2 sie : è N È 
(oo). AS far as the logaa ith mic weighting function approaches the 12/2 


impulse in u=0 [Dirae’s i delta functi ) i È 
] [Dirac’s improper delta function ô(w) times 12/2], the above relatic 


om 
approaches 


2 dw 


(2) ho) = 27 ES 
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The immediate (real) response f,,, when present, must be subtracted from f,. 
As a matter of fact, both the real and the imaginary part of the frequency 
response F(w), as they are the cosine and the sine transforms of «(t), must 
vanish when © + oo (*). 

When the /(p) function has poles on the jw-axis, they must be encircled 
by means of a corresponding number of half circles and the integral relations 
which are obtained are no longer those by K.-K. F.i., in the above mentioned 
case of the «equivalent dielectric constant »: 


(3) F(o) = e(w) — j ze) ei a) no Joao) 


©) 


the following integral relations are obtained, instead of (1) and (2): 


(eo) 
CATO) Diesel 
(4) €1(@0) Eos (00) ve | À Li E 2 / do, 
Mo TT. O — Wo 
0 
(co) 
a (0) — o,(@) 2 few) — 2, + o,(w)/o 
(5) ONE ee Sl == | x) Seats / do . 
Mo Te Da WG 
0 


These relations lose significance in the point ©@= 0, where the dielectric 
and conductive phenomena are unrelated. If &,, o,, and o(0) are known 
(o(0) can be obtained by means of a d.e. measurement), expressions (4) and (5) 
allow to deduce the real part of the «equivalent dielectric constant » once 
the imaginary part is known and conversely. 

The «original» K.-K. equations (1) and (2) hold even for imperfect di- 
electrics, 7.e. when the conductivity o # 0, only if, instead of the «equivalent 
dielectric constant », its square root, or its logarithm, are considered, or what- 
ever function, which, by reducing below unity the order of the singularity, 
causes the corresponding residue to vanish. 

Therefore, for the index of refraction eu, or for the intrinsic admittance 
Velu, K.-K. equations do always hold. 

When K.-K. equations are valid, the behaviour of a linear system, stable 
and physically realizable, is completely determined when the real (f,), or the 
‘maginary (f.), part of the frequency response F are known along the whole 
jw-axis; or when for some intervals f, and for the remaining f, are known; 


(*) For © + 0, f, +0 and f,—f,, where f, is the static value of the frequency 
response. As for f,,, it is the value which F takes for the highest frequencies at which 
the e.m. behaviour of matter can still be described by means of the macroscopic para- 


meters e, |, 0. 
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briefly, if «half of the total information » is available. Besides, the «imme- 
diate response » f., if present, must be determined. 

If F presents poles on the jw-axis, relations of the modified type (4), (5) 
must be used and the residues in said poles must be known. 


3. — Anisotropic media (magnetized ferrites). 


We will now consider a more general case, in which the relation between 
the two physical quantities under examination is of tensor type. 

Reference will be made to the Fourier transforms of the time-varying com- 
ponents of the magnetization M and the field H in a magnetized ferrite. 


We have 
(6) M(o) =  X(o)°H(o) , 
where 
XG Xe ve 
(7) X(@ Pe 2607 AG 


The X, = X7+ 7X7, are functions of w. 

We have considered the susceptivity tensor and not the permeability 
one so as to deal with quantities all of which vanish for © + oo. 

Let 


(8) H(t) = h ô(t), 


where A is an arbitrary constant vector and 6 is the Dirac improper function. 
The Fourier transform of H(t) is then H(w)=h and consequently 


(9) M(w) = uy X(m)-h. 


Let us now consider the inverse Fourier transform 


+ co +o 


] 
(10) M(t) = — | M(o) exp [jot]dm = SI X(©)-h exp [jot]d. 


—x» ss 


Imposing that M(t) be real for any t and zero for t<0 and taking ad- 
vantage of the fact that A is an arbitrary vector (which can be assumed to 
be parallel to any one of the three axes) it results that for all components of 
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the susceptivity tensor the real and the imaginary part must respectively be 
even and odd functions of © and that they must satisfy K.-K. relations: 


Le] 
i Dat XO) 
(11) LEARN | Lie ; © do, 
TJS O0 
0 
[oe] 
, DEA 
(12) A (0) tr | » O9 do 
zw} MW — wo 


These relations are certainly satisfied if the XY, ., considered as functions 


tk? 
of p=r-+ja, are holomorphic functions in the 7>0 half plane. 

We will now confine our attention to the case of saturated ferrite. If 
the static field is directed along the z-axis, we obtain for the susceptivity 


tensor the following form: 


Se TE, 0 


(13) SS CS CEI SIA 
0 0 0 
where 
(14 x 1 + œ? + jap 
) di NERE ah 
: inf ip 
p>) toe pinna 
and 
16 Me 
== ae 
ee) s AE 
È II 
(17) ia at 


x is the attenuation factor caused by losses, M, the saturation magnetization, 
H, the static magnetic field and «, the corresponding resonance angular fre- 
quency. 
It is easy to verify that the real and imaginary parts of X, and YX, are 
respectively even and odd functions of f, i.e. of ©, and have the same poles. 
Said poles are in the points 


paia) 


jot 
(o 0) 


therefore, X, and X, are holomorphic for r>0 and comply consequently with 


K.-K. relations. 
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When x=0 (absence of losses), the poles reach the jm-axis and K.-K. 
relations are no longer satisfied. However, when losses are absent, the system 
is no more stable and, consequently, this result cannot be considered as un- 
expected. 

As a conclusion, we can say that the susceptivity tensor of saturated fer- 
rites, expressed in the generally used form (13)-(17), complies with K.-K. 
relations for physical realizability provided that losses are taken into account 
(CAZIONE 


This Research has been sponsored by the European Office of the A.R.D.C., 
U.S.A.F., under Contract AF61(052)-36, and as a part of it. 


RIASSUNTO 


1) Si esaminano le condizioni cui deve soddisfare una funzione complessa di varia- 
bile reale perchè possa assumersi come risposta in frequenza di un sistema lineare, 
prendendo in considerazione i casi della realizzabilità fisica e della stabilità del sistema 
ed avvalendosi delle trasformate di Hilbert. 2) Si studiano le relazioni che legano parte 
reale e parte immaginaria dei parametri elettromagnetici della materia alla luce delle 
trasformate di Hilbert, note anche come equazioni di Kramers-Kroénig, e si esaminano 
alcuni casi singolari, in particolare quello dei dielettrici imperfetti, per cui viene pre- 
sentata una forma modificata delle equazioni di K.-K. 3) Si estendono le precedenti 
considerazioni alle sostanze anisotrope, con particolare riferimento alla suscettività 
delle ferriti magnetizzate. Nel caso in cui siano supposte presenti le perdite, ed i para- 
metri del tensore risultino pertanto finiti per ogni frequenza, tali parametri debbono 
soddisfare le equazioni di K.-K. Ciò effettivamente accade per le espressioni general- 
mente usate. 


1928 


MB NUOVO CIMENTO MIO TEEN EE 16 Maggio 1961 


On the Nature of Radiation Damage 
i due to Fast Neutron Bombardment in Ferromagnetic Materials: 
Very High Permeability Pure Iron and Nickel (*). 


G. BIOROI, A. FERRO (*) and G. MONTALENTI 


Istituto Eleltrotecnico Nazionale G. Ferraris 
Centro Studi per l Elettrofisica del C.N.R. - Torino 


(ricevuto il 2 Gennaio 1961) 


Summary. — The effects of fast neutron irradiation with doses of 1618 nvt 
on permeability, coercive force and approach to saturation of very high 
permeability pure iron and nickel were studied. No significant changes 
were noted on nickel (maximum permeability 5000). On iron (maximum 
permeability about 150000, H,2.5 A/m) coercive force increased by 
about 0.8 A/m, maximum permeability decreased by about 30%, and 
no change was noted in the curve of approach to saturation and hence 
in the anisotropy energy. After annealing the irradiated iron specimens 
at 1C0 °C, a further increase of coercive force was observed, and after 
annealing at 200 °C, on one of the specimens a loop with strong wasp- 
waisted form was noted. Finally most of the changes in magnetic properties 
due to irradiation were almost completely recovered below 250 °C. 
The possible theoretical interpretations of the results are discussed. 
The kinetics of the annealing leads to exclude that the effects are due 
to free iron interstitials and probably also to dislocations loops. Hence 
it shall be thought of some type of anisotropic point defects which interact 
with the magnetization vector and move with and activation energy of 
about 1.2eV at temperatures of (100 —200) °C. 


(*) The research reported in this document has been sponsored by the Air Force 
Office Scientific Research of the Air Research and Development Command, United 
States Air Force through its European Office, under Contract. 

(**) Istituto Nazionale di Fisica Nucleare, Sezione di Torino. 
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1. — Introduction. 


| 

Several experiments have been recently carried out on radiation damage | 

of different types of magnetic materials. In most cases the dose of neutrons 
used was of the order of 1018 nvt. Generally a deterioration of structure sen- 
sitive properties (permeability, coercive field) was observed, but no variations 
(except in some specific cases to be discussed later on) of the non structure 
sensitive properties were noted (saturation magnetization intensity, Curie point, | 


anisotropy energy). | 

No significant variation of magnetic properties (**) was found on per- | 
manent magnets such as alnico, ferrites and steel. 

Marked decrease of initial and maximum permeability (in some cases up | 
to 90%) and of loop reetangularity, besides a noticeable increase of coercive | 
field (in some cases 800%) were observed on high permeability iron-nickel | 
alloys, while the variations observed on some other alloys, such as iron-silicon, | 
iron-aluminum, iron-cobalt are very small (48). | 

Works on single crystals demonstrate furthermore that anisotropy energy | 
variations are nought, excluding the case of Fe,Al (*), where irradiation in- | 
duces an order-disorder transformation. | 

On Fe-Ni alloys SCHINDLER and SALKOVITZ (©) have demonstrated the pos- | 
sibility of obtaining rectangular loops on a disordered permalloy (i.e. without | 
orientation superstructures) by irradiation in a magnetic field. These exper- | 
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iments have been recently confirmed by other authors (1!) who irradiated an 
iron-nickel alloy (Fe 50% - Ni 50%) in a magnetic field and measured the in- 
duced uniaxial anisotropy energy. The induced anisotropy energy obtained 
in this manner by irradiation with fast neutrons doses of the order of 1017 nvt 
is of the order of 104 erg/em*, while values only of the order of 10% erg/em, 
are obtained in the same alloys with cooling in a magnetic field. The key (19-12) 
for interpretation of the modifications observed in the magnetic propreties of 
permalloys is given by the theory of NÉEL (#) and TANIGUCHI (14) on orien- 
tation superstructures. The main effect of irradiation is to allow low tem- 
perature diffusion processes which normally, in the same alloys, are possible 
only with treatments at about 500 °C. 

ARONIN (1) irradiated a Ni,Mn alloy with doses of 10% nvt. A marked 
decrease of saturation magnetization intensity J, was observed. This fact can 
be interpreted as an effect of disordering produced by irradiation in the ordered 
structure. 

On various types of commercial ferrites (118) further to irradiation, a 
behaviour was observed similar to that noted with high permeability alloys. 
In some cases (17) a variation of J, between 3% and 15% has been reported. 
Significant variations of high frequency properties have also been reported (18); 
a conclusive interpretation would be at least premature as experiments were 
‘arried out on commercial samples. In many cases the nature of the effects 
is probably similar to the one of permalloys. 

Only two experiments have been carried out on pure metals such as iron 
or nickel. The first one (1%) by the authors of this work on iron having excep- 
tional magnetic properties (4, — 150000), indicated a marked reduction 
(15% to 30%) of maximum permeability and a noticeable increase (30°,) of 
coercive force. This proves that some defects are present after irradiation that 
could influence the structure sensitive magnetic properties. 

The second one was carried out at Grenoble by Moser, DAUTREPPE and 


(1) J. PauLeve and D. DAUTREPPE: Compt. Rend. Acad. Sci., 250, 3804 (1960). 

(2) G. MonraLenti: Effect du Rayonnement Neutronique sur les Matériaur Magne- 
tiques, Rendiconti S.T.F., XVIII Course (to be published). 

(13) L. Néer: Journ. Phys. et Rad., 15, 225 (1954). 

RS S. TANIGUCHI: Sc. Rep. Res. Inst. Tohoku Univ., A 7, 269 (1955). 

(15) L. R. ARONIN: Journ. Appl. Phys., 25, 344 (1954). 

(6) E. I. Satxovirz, A. I. ScHINDLER, N. G. Saxroris and G. S. ANSELL: Inter- 
national Conf. on Solid State Physics in Electronics, Brussels 1958 (London, 1969), 
p. 808. | 

(17) W. E. Henry and E. I. Sazkovirz: Journ. Appl. Phys. Suppl., 30, 278 5 (1959). 

(COSE n SAKIOTIS, E. I. SALKOVITZ and A. I. SCHINDLER: International Conf. on 
Solid State Physics in Electronics, Brussels, 1958 (London, 1960), p. 817. 

(19) G. Brorcr, A. FERRO and G. MONTALENTI: Journ. Appl. Phys., 31, 2084 (1960). 
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BRISSONEAU (2°). These authors, studying the diffusion viscosity on pure iron 
irradiated respectively at the temperature of liquid nitrogen and at room 
temperature, concluded that three types of defects are produced by irradiation: 
one type diffusing at a temperature between 80° and 100 °K with an activ- 
ation energy of about 0.3 eV; the second diffusing with an energy of about 
0.6eV at about 200 °K; the third, which is only present after irradiation at 
room temperature, giving a viscosity effect with activation energy of about 
1.2 eV at a temperature of about 370 °K. Neither the authors, as it will be 
seen later on, nor MosER observed significant variations of magnetic proper- 
ties in nickel. The importance of these experiments is to demonstrate that 
in iron, besides vacancies and interstitials, also defects of other types, that 
remain present at room temperature, are formed. 

The purpose of this work is to report further experiments carried out on 
pure metals and discuss the possible interpretations of the facts observed. 

In the present work new experiments were performed on high permeability 
iron, and the changes in magnetic properties were measured both in high and 
low fields. Specimens of nickel were also examined. The recovery of damage 
in iron with temperature was studied and the results obtained are discussed 
theoretically. 


2. — Characteristics and preparation of specimens. 


The previous experiments (1%) and theoretical reasons suggested that the 
effects observable were very low and that valuable results could be obtained 
only on very high permeability pure metals. 

The most suitable materials are therefore iron and nickel of good purity. 
Iron specimens of good purity and very high permeability have been pre- 
pared as in the preceding work (1%) according to the technique of CIOFFI (31:22), 
ie. by long annealing at 1480 °C in pure dry H,. After this treatment per- 
meabilities from 135000 to 190000 have been obtained. After heat treatment 
the carbon and nitrogen content of the specimens was controlled by internal 
friction techniques (#), and resulted lower than 0.0001°%. Therefore any aging 
effect due to these elements in the course of irradiation is prevented. The O, 
content was lower than 0.001%; and S, determined by standard chemical 
methods, was lower than 0.003%. The micrographs of the specimens resulted 
completely free from precipitates. 


(2°) P. Moser, D. DAUTREPPE and P. BRISSONEAU: Compt. Rend. Acad. Sci. (in 
the press). 

(21) P. P. Crorri: Phys. Rev., 39, 363 (1932); 45, 742 (1934). 

(°°) R. M. Bozortu: Ferromagnetism (New York, 1950). 

(22) L. J. DIJKSTRA: Philips Res. Rept., 2, 357 (1947). 
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The nickel specimens were prepared according to a similar technique, by 
annealing at about 1300° in dry pure H, and very slow cooling. Notwith- 
standing the special attention given in the preparation of the specimens the 
maximum permeability obtainable in this case is however only 5000 and the 
coercive field about 20 A/m. 

The specimens are in form of rings of the following dimensions: 35 mm 
0.d., 28mm i.d. and 7mm height. Rather thick specimens where chosen 
in order to avoid the effect of the free magnetic charges on the surface which 
lower permeability. 

After heat treatment the windings on the specimens were carefully made 
with glass cloth insulated copper wire. After this the specimens were kept 
four days at 150°C, or 12 hours at 200°C. Thus, any aging effect in the 
specimen and the relaxation of any weak internal stress produced by the 
windings or caused by handling of the specimen occurred before irradiation. 
However, since no difference of permeability was observed before and after 
this treatment, it can be surely excluded that during irradiation any aging 
effect may be present. 

Moreover a series of preliminary tests was performed in order to control 
the sensitivity of the specimens to strains, and special care was taken in 
handling the specimens in order to avoid any shock or stress on them. For 
irradiation the specimens were placed in an aluminum container. Irradiation 
was performed for all specimens in the Swimming Pool Reactor Melusine in 
Grenoble with an integrated neutron flux of 1.3-10! nvt and a corresponding 
fast neutron flux of about 1.3-10! nvt. The temperature of the specimens 
during irradiation was lower than 25 °C. After irradiation the specimens were 
left at room temperature for about one month in order to obtain a sufficiently 
low radioactivity level. 


8. — Effects of irradiation on magnetic properties at high fields. 


Determination of the curves of approach to saturation at high fields was 
performed on two of the iron specimens. Since the specimens were the same 
rings used for determining the magnetic properties at low fields, a special 
experimental set-up had to be used. To obtain the high fields requested the 
iron ring was placed on a copper bar in which a generator produced a very 
intense current (up to 15000 A). The specimen was kept at room tempera- 
ture by means of intense water circulation around the specimen itself and in 
the conductors. Flux measurements were performed with a Norma fluxmeter, 
as the time constant of ballistic galvanometers is too low in relation to the 
time constant for current inversion in the generator. The values of the mag- 
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netic field were deduced from the measurements of the current and from the 
geometrical dimensions. A more complete description of the equipment used 
for measurements was given in another work (2). Magnetic field measure- 


ments were reproducible up to 1%, and magnetic induction measurements _ 


up to +1.5%. The max- 
imum obtainable field was 


an | 150000 A/m. The exper- 
2.0 imental results obtained 
| on one of the specimens are 

ke | given in Fig. 1. For an in- 
1.0 1 | duction above 1.5 Wb/m? 
the curves of magnetiza- 

do tion before and after ir- 
0 | radiation practically coin- 


1 2 3 4 5 E 
1862005, Wl 2 Se SS ie a ee BONA ra cide. 


Fig. 1. - Magnetization curves up to 150000 A/m. High 2 FRE RECORD Cy 
permeability iron, specimen 13 A. Irradiation dose: SEEGER (°°), VICENA (*) 
integrated flux: 1.3-10!° nvt (fast flux, >1 MeV, ave studied the effect of 
1.3-10! nvt). Solid line: before irradiation, dotted dislocations and internal 
line: after irradiation. strains on approach to sat- 
uration. To observe the 
effects foreseen by BROWN, fields of the order of 10° A/m are necessary and ex- 
tremely precise measurements should be done. A tthe same time, to observe the 
effects of dislocations on approach to saturation studied by SEEGER, and con- 
sidering that the effects of irradiation are quite low, it would be necessary to 
reach a precision of measurement of the magnetization intensity much higher 
than that obtainable with the equipment described above. 

On the other hand, bearing in mind the theories of AKULOV (28), GANS (29), 
NEL (°°) it can be deduced that the anisotropy energy did not markedly vary 
following irradiation. This is the only conclusion to be drawn from the meas- 
urements performed on the curve of approach to saturation before and after 
fast neutron irradiation on these materials. 


(4) G. Brorci, A. FERRO and G. MONTALENTI: Effect of Neutron Bombardment 
on the Magnetic Properties of Iron and Nickel of Very High Permeability. 111. ARDC 
Contr. AF 61 (514) 1331 (February, 1960). 


(25) W. F. Brown: Phys. Rev., 58, 736 (1940). 

(26) A. SEEGER: (Stuggart) to be published. 

(27) F. VICENA: Czccoslov. Journ. Phys., 5, 4 (1955). 

(28) N. S. AkuLOV: Zeits. Phys., 57, 249 (1929); 69, 822 (1931). 
(29) R. Gans: Ann. d. Phys., 15, 28 (1932). 

(9) L. NÉEL: Journ. Phys. et Rad., 9, 193 (1948). 
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| The results obtained can be summarized as follows: Nickel. Notwithstanding 
| the special attention given in performing the measurements, the values of the 
} Magnetization intensity were affected by a noticeable scattering, probably 
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f | | er 
= 
| ee, re | | ie 
/ 
403! LR 
| 
a 02 = 
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Se ce } | 
| 20 0 i 200 400 600 800 1000 Alm 
—— + —< 1 
Fig. 2. — Hysteresis loop of pure annealed nickel before irradiation (solid line) and 


(dotted line). Irradiation dose: integrated flux 1.24-10' nyt 
(fast flux, > 1 MeV, 1.2-10* nvt) 


after irradiation 


intrinsic of the material. The measurements were carried out with the spec- 
imen in a thermostatic liquid bath stabilized within 0.01 °C, performing de- 
magnetization always in the same manner. In spite of this, the magnetization 


VAR Tr ere es 


Irradiation dose: 


IN ) i S ) j ) 5 a] 
integrated flux 1.3-101® nvt eae tae te 
fast flux Tade OS sanvae © oa 

Coercive force H, before irradiation 2.4 A/m 2.3 A/m 2.4 A/m 

H, after irradiation 2.9 A/m 3.1 A/m 3.2 A/m 

Variation of H, 0.5 A/m 0.8 A/m 0.8 A/m 
Maximum permeability before irradiation 145000 135000 190 000 

Maximum permeability after irradiation 118000 96000 152000 

Ts 

[Hay (©) 11J/m8 | 9.8J/m? | 10.3 J/m? 
0 


J 


Ws 
(*) The last item fa dJ indicates the value of the area between the magnetization curve 


0 
before and after irradiation. 
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intensity values could be repeated only within about 5%. The magnetization 
curves observed after irradiation were still contained within this limit, Fig. 2. 
Hence no effect of irradiation on magnetic properties could be detected. 


~ 


Iron. Experimental results are given in Fig. 3, 4, 5 and 8, 9, 10. They 
further confirm the results already published by the authors in a previous 
work (1°). The results obtained are summarized in Table I. 
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Fig 3. — Hysteresis loop before irradiation (full line), after irradiation (dotted line) 


and after different recovery stages (1h at each temperature). Specimen T20A, high 
permeability iron. Irradiation dose: integrated flux 1.3-10!° nvt (fast flux, +1 MeV 
1.3> 10" nvt). 
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ubstantially a marked decrease of maximum permeability (about 30%), | 


a D increase of coercive field about 0.6 A/m and no noticeable variation 
of the initial permeability were observed. 
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Fig. 6. — Specimen T20A (same as Fig. 3). Varia- 0 100 200 300 
tion of the coercive field after irradiation as a Fig. 7. — Specimen T20A (same 
function of the recovery temperature (1h for each as Fig. 6). Variation of per- 
annealing step). Initial point (PI) before irra- meability as a function of the 
diation, (DI) one month after irradiation. recovery temperature. 
Sp.T 13 A B Wb | 


before irrad. 


/ k £@after irrad. 


Fig. 8. — Hysteresis loop before irradiation (full line), after irradiation (dotted line, and 
after different recovery stages (1 h at each temperature). Specimen T13A, high permeabi- 
lity iron. Irradiation dose: integrated flux 1.3 -10!° nvt (fast flux, >1 MeV, 1.3-10!5 nyt). 
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5. — Experiments on annealing the damage. 


An important point for understanding the nature of the radiation damage 
observed is to study the annealing of the damage as a function of temperature. 
These experiments were performed on two iron rings by successively annealing 
the specimen up to 300 °C at steps of fifty degrees for one hour at each step. 
The changes in the magnetization curve and in the hysteresis loop were re- 
corded at room temperature after each annealing step. 


Ring 20 A. — On this specimen annealing was performed about one month 
after irradiation. Annealing times and temperatures are given in the figures. 
Coercive field increased markedly after annealing at 100 °C, then it decreased 
rapidly until at 150 °C it reached a value corresponding closely to what it 
had before irradiation, at least within the uncertainty of measurements (Fig. 6). 
Fig. 3, 4 and 5 list the different hysteresis loops, magnetization and permea- 
bility curves recorded. Of great interest is the hysteresis loop, recorded at 
room temperature, after annealing at 200°C. A typical wasp-waisted loop 
is observed, in this case similar to what can be seen in iron due to the diffusion 
of interstitial carbon atoms, or to reordering of solute atom pairs in a ferro- 

magnetic alloy. The characteristic knee of 
the cycle was found at a relatively high field: 
namely 8 A/m, Fig. 3. The changes in the 
magnetization curves, Fig. 4, also had a be- 
haviour similar to the one of the coercive field. 
Maximum permeability in function of the 
annealing temperature is given in Fig. 7: 
a marked increase at 100 °C was observed. 
The subsequent cuve was similar to that of 


Joc 


0 50 100 150 200 250 300 the coercive field. After annealing at 250 °C 
WE Sonia CISA (Fondo the magnetic properties again returned very 
as Fig. 8). Variation of the coer- Close to those of the non irradiated material. 
cive field after irradiation as a 


Da y £ / = N ic a n] ac 
finetion of the recovery tempera: Ring 13 A. — This specimen was annealed 


ture (1 h for each annealing step). 
Initial point (PI) before irradia- 
tion, (DI 1) one month after irra- 
ciation, (DI 2) five months after 
irradiation at room temperature. 


about five months after irradiation. Fig. 8 
and 11 give the coercive field in function of 
the annealing temperature. It can be observed 
that five months at room temperature al- 


ready produced a marked increase of coer- 
cive field and of maximum permeability 
100 °C. When annealing at 150 °C or at higher 
temperatures, the coercive field begins to decrease towards the values of the 
non irradiated material and at about 250 °C, within the dispersion of meas- 


similar to that of annealing at 
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urements, reaches again the value it had before irradiation. On this specimen 
the wasp-waisted loop did not appear after annealing at 200 °C, Fig. 8 to 12. 
The reasons for this different behaviour 


as to specimen T 20A are not very 15010" p> yaa A 
clear. They could perhaps be related 4p 

to a long stay at room temperature 

that could have altered the kinetics 100 


of formation and disappearance of the 


defects in the course of annealing, or Lez | jj | 


to other reasons. | 
; Pith 50 
The changes in the magnetization 0 100 200 °C 300 
curve, Fig. 9, are analogous to the ob- Fig. 12. - Specimen T13A (same as 


served changes in coercive force: in this Fig. 11). Variation of permeability as a 
specimen no drop in the curve is ob- function of the recovery temperature. 
served in the region of 200 °C. After 

annealing at 225 °C the curve can be considered coincident, within the ex- 


perimental errors, with the one relative to the non irradiated material. 


6. — Interpretation of experimental results. 


The facts prove that in iron, even at room temperature, after irradiation 
there remain some defects that can markedly influence magnetic properties. 
The most reasonable hypotheses explaining experimental facts are two, namely: 


a) Internal strains are created, as an effect of irradiation which could 
be interpreted as dislocation rings interacting with Bloch walls. Observations 
of dislocation rings of a diameter of (100-300) À on irradiated materials have 
already been made for some materials. As far as we know, at least up to now, 
these rings have been observed only on copper (?') and aluminum (*?), 


b) At room temperature after irradiation there is a certain number of 
point defects having a definite anisotropy energy in relation to the magnet- 
ization vector. During irradiation, these defects, can distribute themselves ac- 
cording to the orientation of magnetization in every domain and produce 
effects of the same type as those (#3) due to carbon in «-iron, or as those due 
to pairs of solute atoms in ferromagnetic alloys at high temperature (1334), 
In iron, which is body-centred cubic, typical defects having a strong anisotropy 


(31) J. Sircox and P. B. HirscH: Phil. Mag., 4, 1356 (1959). 

(32) R. E. SmaLLMaN and K. H. Wesrmacort: Journ. Appl. Phys., 30, 603 (1959). 
(33) L. NÉEL: Journ. Phys. et Rad., 13, 249 (1952). 

(34) L. NÉEL: Journ. Appl. Phys. Suppl., 30, 35 (1959). 
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energy with respect to magnetization are interstitial atoms. However as will 
be seen later on, it is not very likely that free interstitial atoms can still be 
present for irradiations performed at room temperature. Other examples can 
be vacancy couples. Finally some other possibilities can be thought of: some 
interstitials strongly interacting with impurities or between themselves can 
survive; spikes and small clusters of point defects can be formed having a de- 
finite anisotropy with the magnetization vector. For a recent discussion on 
the possible type of the defects formed see for instance VINEYARD (°°) and 
THOMPSON (56). 


An attempt of quantitative evaluation of the hypotheses admitted can be 
given. To interpret the facts it seems better to consider the variations of 
coercive force and of the area between the curves of initial magnetization 
before and after irradiation. On the contrary, as known, there is no sufficiently 
precise theory for maximum permeability. It can only be said that a variation 
of this magnitude, if the others remain unchanged, is certainly due to defects 
of the same order of magnitude of the domains. 


Hypothesis a). The average internal strains corresponding to the de- 
fects formed can very simply be deduced (??°7) from the observed changes in 
coercive force and in the area between the magnetization curves before and 
after irradiation. In the hypothesis that these internal strains correspond to 
an increase of the dislocation density due to irradiation also Vicena’s (27) 
theory can be used. 

However it must be observed that all these theories are essentially valid 
for strain distribution or dislocation loops with large path with respect to the 
domain wall thickness. On the contrary, from what is known from the liter- 
ature and from the results of electron microscope observations (31) it must 
be thought that the dislocations eventually formed are small rings with 
dimensions of the order of 1/10 of the wall thickness, in iron 1000 A. Also 
the spacing between the defects is very small with respect to the one usually 
considered in the theory of coercive field. 

It is therefore probable that the calculations carried out following these 
theories have some serious limitations and can give underestimated results as 
the interaction with the walls decreases rapidly for defects with dimensions 
smaller than the walls themselves (8). The results of our calculations (BA) 


(35) G. VINEYARD: The Dynamics of Radiation Damage, Rendiconti S.I.F., XVIII 
Course (to be published). 


(39) G. THOMPSON: Radiation Damage in Body Centred Metals, Rendiconti S.I.P.. 
XVIII Course (to be published). | 

(°7) C. KirtEL: Rev. Mod. Phys., 21, 541 (1949). 

(#8) L. NÉEL: Cahiers de Physique, 12, 1, (1942). 
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indicate values of internal strains as being of the order of 0.01 kg/mm? and 
a dislocation density as being of the order of 107 1/em2. 

The dislocation density thus obtained is possibly underestimated by about 
two orders of magnitude for the reason suggested above. Keeping this point 
in mind, the value obtained is possibly not unreasonable in comparison with 
the electron microscope results on copper (31). On the other hand, the an- 
nealing experiments have demonstrated that at temperatures around 200 °O 
there is already a nearly complete recovery of magnetic characteristics to the 
values observed before irradiation. On the basis of what is known concerning 
the movement of dislocations in iron and from the electron microscope obser- 
vation of HIRSCH (?!) with annealing of irradiated Cu, it seems, at present, 
rather unlikely that dislocation rings can be eliminated at such low tempe- 
ratures. We are therefore led to think that most of the effects observed are 
probably due to another cause. 


Hypothesis b). As it is well known, in general the causes of the varia- 
tions of coercive field are fluctuations of anisotropy energy existing in the 
material. In fact, in the magnetization process, the Bloch wall must over- 
come in its movement the forces corresponding to the anisotropy energy 
fluctuations. KERSTEN and later NÉEL (8°) studied the problem in the specific 
case that the fluctuation of the wall energy is due to random internal strains 
existing in the material. 

For the case of internal stresses we have (97) 


(1) HSE 


where H, is the coercive field, À the magnetostriction, o the internal strains, 
J,the saturation magnetization, d the wall thickness and / the path of the 
stress fluctuations. Let’s now suppose that in each domain there is an induced 
anisotropy energy K,,. Let's consider a wall between two domains at 90°. 
It is obvious that the movement of the wall will be hindered by the induced 
anisotropy energy present. For the generalization of Kersten’s formula it is 
sufficient to replace energy Ao with energy Æ, and keep in account that the 
process only interest 90° walls. In this case the fluctuation of A, will be of 
the order of the domain size, therefore 


aE Ik, O! 


(2) = yp gi i >) 


(39) L. NÉEL: Ann. Univ. Grenoble, 22, 299 (1947). 
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where 7/p represents the ratio between 90° and 180° walls. As an order of 
magnitude let's suppose that in iron p= 10. Moreover for iron d= 0.1 um, 
UA (7) 

To apply (2) it will now be necessary to calculate the induced anisotropy 
energy A, caused by the defects introduced by irradiation. 

Unfortunately for iron irradiated at room temperature it is not possible 
at the present time to state any definite hypothesis on the form and size of 
the defects introduced and hence it is not possible to carry out any type of 
calculation. 

In the case of iron there is, however, one case in which the calculation of the 
induced anisotropy energy Æ, is possible: that is when it can be supposed that 
the defects present are a residual fraction of interstitial iron atoms. In this 
case in fact, for analogy with the case of carbon in iron (**), it is possible to 
reasonably estimate the order of magnitude of the effect, in relation to the 
concentration of interstitials present. 

This case appears of some interest also because it may contribute to under- 
stand the possible mechanism with which point defects produced by irradiation 
can change the coercive force and the magnetization curves. The calculations 
are reported in detail in Appendix. Bearing in mind the results of WALKER (#) 
on resistivity of iron irradiated at low temperature with electrons, for irradia- 
tions at room temperature and fluxes of about 10! nyt, the fraction of inter- 
stitials that remains present after irradiation is very small. Supposing that 
as an order of magnitude the remaining fraction is for example 1°, of the 
Frenkel couples, calculated with the method suggested by SrrTz and 
KOHLER (442), eq. (2) given before gives values of coercive field about 100 times 
lower than those observed. On the other hand the subsequent measurements 
by Moser (?°) and co-workers prove that the defects formed by irradiation 
at room temperature cannot be free interstitials. In fact the defects respon- 
sible for the changes in magnetic properties at room temperature diffuse with 
an heat of activation of 1.2 eV a value too high for free interstitials. It can 
therefore be reasonably concluded that the defects present at room tempera- 
ture after irradiation can not be free interstitials. The magnetic effects due to 
this type of defects are reasonably observable only with irradiation at a tem- 
perature of at least —180°. In iron irradiated with electrons at low tem- 
perature, as previously observed, WALKER (*) found that the first strong 
effects of recovery of resistivity are between 100 °K and 200 °K. In accor- 


i) R. WALKER: Hlectron Induced Radiation Damage in Pure Metals. Rendiconti 
S.I.F., XVIII Course (to be published). 


| (41) F. Serrz and J. S. KoEBLER: Displacement of Atoms During Irradiation, Solid 
State Physics, vol. II (New York, 1956). 


(42) G. J. DIENES and G. H. VINEYARD: Radiation Effects in Solids (New York, 1957). 
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dance with this, irradiating specimens of iron at — 180° Moser and co- 
workers (*), have observed a very intense magnetic viscosity in the region 
of 100 °K, with an activation energy of 0.3 eV; this peak is probably due to 
free interstitials. According to the effects of magnetic viscosity which are 
observed at this temperature also an increase of coercive field should be ob- 
served in this region. It must therefore be imagined that probably some other 
point defects with a strong anisotropy energy with the magnetization vector 
should be formed for irradiation at room temperature and are responsible for 
the effects observed in this work. However the mechanism with which they 
can give rise to an increased coercive force is still very likely to be the same 
as that due to interstitials. 

These defects can diffuse at a temperature of the order of (100200) °C 
with an activation energy, which from the measurements of Moser (2°), is 
of the order of 1.2 eV. Defects of this type could perhaps be interstitials 
strongly interacting together in small clusters or couples of vacancies or other 
more complicated defects. As no more complete experimental data are available 
at present, it is however very difficult to draw more definite conclusions on 
this point. 


7. — Conclusions. 


Summarizing the results obtained the following conclusion can be drawn. 

On nickel no change in magnetic properties is observed. 

In iron, irradiation with fast neutrons at room temperature alters neither 
magnetization intensity nor anisotropy energy. Instead, on iron specimens 
of very high permeability and good purity, coercive field increase (about 1 A/m 
for 1018 nvt) and maximum permeability decreases (about 30% for 101% nvt). 

Experiments on annealing have shown that almost complete recovery is 
obtained below 250°C. At about 200°C some of the defects produced by 
irradiation move, forming probably defects of other type and determining in 
this way intense modifications in the form of the loop which takes a typical 
wasp-waisted form. Unfortunately the conclusions to be drawn on the nature 
of these defects can not at present be definite. The calculations carried out 
demonstrated only that the effect cannot be due free interstitial iron atoms 
which certainly move at temperature much lower than room temperature, 
according also with Moser’s results. In fact interstitials diffuse between 80 °K 
and 100 °K and therefore probably disappear almost completely at room tem- 
perature. 

The hypothesis that the defects responsible for the changes in magnetic 
properties are dislocation rings is quantitatively consistent with the increases 
observed on the values of coercive field but seems in contradiction with the 
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results of annealing. In fact according to the present knowledge it seems 
improbable that dislocation rings in iron move below 250 °C. To draw more 
definite conclusions on the nature of the defects produced, other experiments 


would be necessary. 


APPENDIX 


A rough estimate of the induced anisotropy energy density due to a given 
concentration of iron interstitials can be obtained by comparison with the 
case of interstitial carbon in iron, considered in Néel theory (#8). As known 
the interstitial carbon atoms occupy the octahedral positions (400) and give 
rise to a strong tetragonal strain in the lattice as in tetragonal martensite. 
The actual tetragonal strain observed in martensite by X-rays results close 
to the value deduced from the distortion produced by carbon atoms in the 
lattice in a simple model of rigid spheres. 

The coupling energy between the magnetization vector and the interstitial 
atom be £, cos? g where y is the angle between the direction of magnetization 
and the axis of tetragonal simmetry of the occupied position. Knowing Æ, 
for interstitials non interacting between themselves, the maximum induced 
anisotropy energy density of the crystal is equal to (33) 


B® 
foe 
ter 


where c is the concentration of interstitials in atoms per cubic centimeter, & the 
Boltzmann constant and 7 the temperature at which the defects diffuse: is 
our case the temperature of irradiation. 

In the case of interstitial carbon the experimental value of £, is about 
6-10-!° erg/atom. 

Now it can reasonably be suggested that iron interstitials produced by 
irradiation very likely occupy the same positions and hence produce similar 
effects. Therefore the induced anisotropy energy A, to be considered in eq. (2) 
of the text, to calculate the increase of coercive field, can be obtained in 
the identical way as in the case of carbon using eq. (3). 

In this equation the only unknown value is Z,, i.e. the interaction energy 
of the iron interstitials with magnetization. This value can be estimated, as 
an order of magnitude, considering that in the case of interstitial carbon, one 
of the main terms of this energy is due to the magnetoelastic coupling (Rey 
In fact for a carbon atom (diameter 1.60 A) being h (0.38 A) the height of the 


(4) G. BrorcI, A. FERRO and G. MONTALENTI: Instability of the Bloch Walls due 


to Interstitial Atoms in a Ferromagnetic Lattice. ARDC T. Note 1C Contr. A.F. 61 (514) | 


1331 (March, 1958). 
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interstice and a (2.86 À) the lattice parameter, and using the following expres- 
sion for E: 


d — h\? 
(4) Es = — (Cu ra C1) Aroo | | a, 


a 


where Cl, 04, are the elastic constants and 2,4 the magnetostriction, a value 
of 3-10-!5 erg/atom is obtained against the experimental value of 6-10-16 
quoted above. This is due to the fact that also other contributions are present 
as already shown by DE VRIES (4) and others. However with this limitation 
the order of magnitude of £, for iron interstitial can be estimated. The atomic 
diameter for iron atoms is 2.48 A and hence the tetragonal distortion due to 
one interstitial per atomic cell is about 0.7 against 0.4 for carbon. Hence H, 
should not be far from 10-15 erg/atom. 

Using this value, if all the interstitials were still present at room temper- 
ature, from eq. (2) of the text and for p= 10, an increase of coercive force 
of about 1 A/m would be found. If the concentration of interstitials still 
present is only as suggested of 1%, the value calculated previously is reduced 
accordingly. 


(44) G. De VRIES, D. W. VAN Gest, R. GeRSDoRF and G. W. RATHENAU: Physica, 
25, 1131 (1959). 


RIASSUNTO 


Vengono studiati gli effetti dell’irradiazione con neutroni veloci (dose 1048 nyt) sulla 
permeabilità, campo coercitivo e approccio alla saturazione di ferro e nichel puri. 
Nessuna variazione significativa per effetto dell’irradiazione è stata osservata sul nichel 
(permeabilità massima 5000). Sul ferro (permeabilità massima intorno a 150 (C0, campo 
coercitivo 2.5 A/m) il campo coercitivo cresce di circa C.8 A/m, la permeabilità massima 
diminuisce di circa il 30% mentre non si osservano variazioni nella curva di approccio 
alla saturazione e quindi nel valore dell'energia di anisotropia. Con un rinvenimento 
dei provini di ferro a 1C0 °C si osserva un ulteriore aumento del campo coercitivo e 
dopo rinvenimento a 2(6 °C, per uno dei provini il ciclo assume in modo assai accen- 
tuato una caratteristica forma a vita di vespa. Per rinvenimenti a temperature poco 
superiori, 250 °C, la maggior parte delle variazioni delle proprietà magnetiche dovute 
all’irradiazione scompare. Si discutono le possibili interpretazioni teoriche dei risultati. 
Lo studio della cinetica della scomparsa del danno con il rinvenimento porta ad esclu- 
dere che possa trattarsi di effetti dovuti a interstiziali liberi e probabilmente ad esclu- 
dere che siano effetti dovuti alla formazione di anelli di dislocazioni. Si deve quindi 
pensare a formazione di qualche altro tipo di difetto con anisotropia di forma capace 
di interagire con il vettore magnetizzazione e di muoversi a temperature di (100 2.0) °C 
con energia di attivazione di 1.2 eV. 


41 — Il Nuovo Cimento. 
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Diffusione elastica di raggi 7 di 1.25 MeV in piombo. 


G. MANUZIO e S. VITALE 


Istituto di Fisica dell’ Università - Genova 
Istituto Nazionale di Fisica Nucleare - Sezione di Genova 


(ricevuto il 5 Gennaio 1961) 


Riassunto. — È stato misurato il grado di polarizzazione trasversale 
della radiazione di 1.25 MeV del ®Co diffusa elasticamente su piombo a 
diversi angoli. Per un accurato confronto della situazione teorica con i 
risultati sperimentali occorrerebbero calcoli dettagliati del contributo degli 
elettroni dell’orbita Z allo scattering Rayleigh. 


Come è ben noto lo scattering elastico dei fotoni contro le particelle costi- 
tuenti la materia può avvenire, prescindendo dai fenomeni di risonanza che 
non interessano il campo di indagine di questo lavoro, attraverso i seguenti 
tipi di interazioni: 


1) scattering Thomson; 
2) scattering Rayleigh; 


3) scattering Delbrück (1). 


Negli ultimi anni sono state condotte ricerche sia di carattere teorico, per 
calcolare il contributo di ciascuno di questi processi alla sezione d’urto totale, 
sia di carattere sperimentale, per verificare sperimentalmente la bontà di questi 
calcoli. 

Si deve però osservare che al momento attuale può essere portata a fondo 
una teoria soddisfacente dello scattering Thomson che permette di descrivere 
compiutamente il processo soltanto ad energia abbastanza bassa da non inte- 
ressare 1 gradi di libertà interni al nucleo. 


(1) M. DELBRUÙCK: Zeits. f. Phys., 84, 144 (1933). 
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Per quanto riguarda invece lo scattering Rayleigh, le teorie finora elaborate 
si limitano a tener conto solo del contributo degli elettroni nell’orbita X, salvo 
una valutazione di massima del contributo degli elettroni L (25). 

Infine per quanto si riferisce allo scattering Delbrück (78) calcoli completi 
della sezione d’urto esistono solo per angoli di scattering zero; per angoli diversi 
si hanno solo valutazioni dell’ampiezza della parte immaginaria dell’onda dif- 
fusa all’energia di 2.56 MeV. 

In conclusione i risultati dei calcoli teorici finora eseguiti portano a concludere : 


1) Ad energie attorno al MeV le sezioni d’urto ad angolo zero per i pro- 
cessi Thomson e Delbrück sono comparabili, mentre la sezione d’urto dello 
scattering Rayleigh, sempre ad angolo zero, è di tre ordini di grandezza 
maggiore di quella degli altri due processi. 


2) Non si può tuttavia escludere la possibilità di un contributo dell’ef- 
fetto Delbrück allo scattering ad angoli diversi da zero a causa della rapidis- 
sima discesa, con il crescere dell’angolo di scattering, della sezione d’urto dif- 
ferenziale per lo scattering Rayleigh + Thomson. 


Sperimentalmente molti tentativi sono stati fatti per fare una verifica dei 
risultati teorici. 

Negli ultimi anni sono state pubblicate varie misure riferentisi alla sezione 
d’urto totale per scattering elastico di raggi y di energie comprese tra 0.1 e 
2.56 MeV. I risultati più recenti sono quelli di BERNSTEIN e MANN (°), e nella 
bibliografia (1-14) abbiamo elencato gli altri più importanti autori di misure su 
questi effetti. 

Le sezioni d’urto Rayleigh+Thomson, valutate usando per lo scattering 
Rayleigh i risultati di Brown e Mayers e tenendo quindi conto solo del con- 
tributo degli elettroni dell’orbita A, sono in accordo piuttosto soddisfacente 
con i risultati sperimentali ad energie inferiori ad 800 keV (9). 


(2) W. FRANZ: Zeits. f. Phys.. 95, 652 (1935). 

(3) W. Franz: Zetts. f. Phys., 98, 314 (1936). 

(4) G. E. Brown, R. E. PererLs e J. B. WoopwarD: Proc. Roy. Soc., A 227, 
51 (1955). 

(5) S. BRENNER, G. E. Browx e J. B. Woopwarp: Proc. Roy. Soc., A 227, 59 (1955). 

(6) G. E. Brown e D. F. Mayers: Proc. Rey. Soc., A 242, 89 (1957). 

(7) F. ROHRLICH: Phys. Rev., 108, 169 (1957). 

(8) P. KessLer: Journ. Phys. et Rad., 19, 739 (1958). 

(9) A. M. BERNSTEIN e A. K. Mann: Phys. Rev., 110, 805 (1958). 

(20) A. K. MANN: Phys. Rev., 101, 4 (1956). 

(1) P. EBERHARD, L. GoLpzaHi, E. Hara e J. MEy: Journ. Phys. et Rad., 17, 
573 (1956). 

(2) R. R. Witson: Phys. Rev., 80, 720 (1953). 

(3) 8. MesseLt e A. STORRUSTE: Proc. Phys. Soc., A 69, 381 (1956). 

(14) N. Cinpro e K. Iragovac: Nucl. Phys., 5, 647 (1958). 
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A 1.33 MeV i punti sperimentali a grandi angoli sono tutti aldi sopra 
della curva teorica. 

A 2.56 MeV il disaccordo tra i risultati sperimentali e la curva teorica, otte- 
nuta per extrapolazione dei dati di Brown e Mayers ad 1.33 MeV, è ulterior- 
mente accresciuto (°). 

In conclusione, i risultati sperimentali ad energie superiori al MeV non 
sembrano fornire una dimostrazione sufficiente della esattezza dei calcoli di 
Brown e Mayers, nè possiamo avere buone speranze che il perfezionamento di 
misure già eseguite (*) possa fornire nuovi risultati atti a decidere definitiva- 
mente sull’accordo o disaccordo tra le teorie di Brown e Mayers e l’esperienza. 

Tuttavia deve essere tenuto presente che mentre i calcoli di Brown e Mayers 
forniscono le ampiezze di polarizzazione circolare dell’onda elettromagnetica dif- 
fusa, le esperienze finora condotte si limitano solo alle misure di sezione d’urto. 

Infatti se A e B sono le ampiezze di polarizzazione dell’onda diffusa da un 
fascio non polarizzato, rispettivamente in senso orario e antiorario, la sezione 
d’urto è 

CAT er i 


dove 7, è il raggio classico dell’elettrone. 
Si ha poi per la polarizzazione trasversale rispetto al piano di scattering 


_ 2 Re (AB*) 
‘+ [BP 


Lee | À 


Poichè A e B sono quantita complesse, per determinarle completamente 
non è sufficiente misurare o e P,. Due ulteriori misure indipendenti sono 
necessarie (17). Esse possono essere: 


la) il grado di polarizzazione trasversale del fascio diffuso rispetto ad 
un piano a 45° con il piano di scattering, quando il fascio incidente è polariz- 
zato circolarmente; 


1b) il grado di polarizzazione circolare della radiazione diffusa usando 
un fascio incidente con polarizzazione trasversale in un piano a 45° con il piano 
di scattering: le misure 14) e 1b) sono equivalenti e il valore P, previsto è 
dato da 


* ù x] © ù ve 1 L i 
(@) Mentre questo lavoro era in corso sono state in realtà pubblicate due misure 
di polarizzazione (15:16), 


(5) B. S. Soop: Proc. Roy. Soc., 247, 375 (1958). 


16 4 al | 
09) F. FUSCHINI, D. $. R. Murty e P. VERONESI: Nuovo Cimento, 15, 847 (1960). 
(7) H. BOBEL e G. PASSATORE: Nuovo Cimento, 15, 979 (1960) 
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2a) il grado di polarizzazione circolare del fascio diffuso, quando il fascio 
incidente è polarizzato circolarmente ; 


2b) +1 grado di polarizzazione trasversale rispetto ad un piano a 45° con 
il piano di diffusione, quando il fascio incidente è polarizzato linearmente a 45° 
con il piano di scattering: anche 2a) e 2b) sono equivalenti e il valore pre- 
visto è 
AA 


7 AFF 


La misura di P,, P,, P; è equivalente dal punto di vista ottico all’analisi 
completa di un fascio di luce con prismi di Nicol (P,), lamine a quarto d’onda (P,) 
e lamine a mezz’onda (P.). 

È quindi sperabile di poter eseguire una nuova verifica della validità dei 
calcoli di Brown e Mayers attraverso misure dello stato di polarizzazione delle 
radiazioni diffuse elasticamente. 

Si deve però notare che la determinazione delle tre grandezze P,, P,, e P; 
presenta difficoltà non indifferenti. Im particolare per eseguire le misure delle 
quantità P, e P, si richiederebbero raggi y polarizzati circolarmente; questi 
possono essere ottenuti con sufficiente intensità solo con l’uso della radia- 
zione di bremsstrahlung da 
raggi £ abbastanza energici, 
oppure di sorgenti con nuclei 
polarizzati. 

In un caso o nell’altro sa- 
rebbero necessarie sorgenti ra- contatore C 
dioattive di intensità così co- 


hr del contatore L 


posizione || del 


à contatore L 
spicua da rendere molto disa- © 
gevoli le misure. = 
Operando con la radiazione £ 
di bremsstrahlung si dovrebbe E Piano della reazione elastica 
S 


superare l’ulteriore difficoltà 
dello spettro continuo. La mi- rasa 
sura di P, può invece essere 991 rc n 
affrontata con minori difficoltà 
poichè in questo caso occorre un 
fascio incidente non polarizzato. 

D'altra parte anche la conoscenza della sola P, può fornire una informa- 
zione indipendente da quella ottenuta attraverso la misura della sezione d’urto. 

Scopo di questo lavoro è appunto la determinazione di P, relativa a raggi y 
di 1.33 MeV diffusi elasticamente su piombo a diversi angoli. 

La sorgente da noi impiegata era costituita da 1500 curie di ‘Co (un 
apparecchio di uso medico) e il fascio di raggi y molto ben collimato prove- 
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niente da questa sorgente, veniva fatto incidere su targhette di Pb e di Al e 
l'energia e lo stato di polarizzazione dei fotoni diffusi erano analizzati con un 
polarimetro ad effetto Compton di tipo analogo a quello di Metzger e Deutch (!*). 
Quest’ultimo è costituito (Fig. 1) da un contatore A (Nal(T1) 1x1 pollici) 
e da un contatore L (NaI(T1) 2x2 pollici) disposto in modo da raccogliere la 
radiazione diffusa da A ad un angolo medio di 70° 430°. Gli impulsi forniti 


alla scala di demolti- 
plicazione 


alla scala di demoltiplicazione 


dai contatori A ed L sono selezionati dal circuito di Fig. 2 alle seguenti 
condizioni: 


1) La somma delle perdite di energia dei raggi y in L e A deve essere 
compresa tra 1.1 e 1.4 MeV (circuito di somma SN e analizzatore a molti canali D), 
e ciò per garantire che il raggio y abbia subito uno scattering elastico nelle 
targhette e sia stato diffuso correttamente da À in L. Infatti un raggio y diffuso 
Compton nella targhetta, anche per l’angolo più piccolo usato, ha energia 
inferiore a 0.85 MeV. Il limite superiore, ad 1.4 MeV, elimina il fondo dovuto 
al raggi cosmici. 


2) Gli impulsi da L e da A devono essere coincidenti entro 107? s (coinci- 


denza C e gate G) consentendo di ridurre le somme casuali a un numero tra- 
scurabile rispetto agli eventi fisici. 


Oltre le condizioni 1) e 2) di per sè sufficienti a selezionare gli eventi di 
scattering che interessano questa misura, sono state imposte anche le condi- 
zioni supplementari: 


a) L'altezza degli impulsi da A è più grande di quella corrispondente 
alla perdita di energia (~ 0.5 MeV) di un raggio y di 1.1 MeV scatterato con 
il minimo angolo di scattering permesso dalla geometria (discriminatore IM): 

b) L'altezza degli impulsi da DZ corrisponde all’energia residua di un 


raggio y scatterato all'angolo massimo permesso dalla geometria (~ 0.3 MeV; 
discriminatore D,). 


(78) M. Deurscn e F. MeTzGER: Phys. Rev., 74, 1542 (1948). 
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La condizione a) permette di non far pervenire a C i segnali dovuti a 
fotoni che hanno subito una interazione Compton nella targhetta oppure che, 
essendo stati diffusi elasticamente nella targhetta, hanno deviato in A di un 
angolo più piccolo di quello richiesto dalla geometria per essere analizzato. 

La condizione b) impedisce l’ac- 
cesso alla coincidenza alla maggior P(0) 
parte dei segnali dovuti a fotoni di 


fondo; naturalmente in questo modo 


vengono perduti anche dei fotoni non 
interamente assorbiti da L dimi- 
nuendo in questo modo l’efficienza 
del polarimetro di circa il 10%. 

Le condizioni a) e b) consentono 
di ridurre gli impulsi spurii da C ad 
un valore dell’ordine del (10 —15)% 
delle coincidenze dovute ad eventi 


fisici. 
Il funzionamento dell’insieme di 


contatori del circuito elettronico è 
stato saggiato disponendo una sor- 
gente di Co al posto della targhetta. 

Dalle misure eseguite in queste 
condizioni è stato verificato che l’effi- 
cienza del dispositivo nella rivelazione 
di raggi y è dell’ 1% circa, in accordo con quella grossolanamente valutata. 
Da queste prove è stato ottenuto anche il potere analizzante del dispositivo 


rispetto alle applicazioni della condizione 1). 

La Fig. 3 mostra lo spettro degli impulsi del discriminatore D quando la 
sorgente di Co era al posto della targhetta. 

Lo stato di polarizzazione dei fotoni diffusi elasticamente si può ottenere 


dalla quantità 


j N, pa N, 

TR 

normalmente chiamata asimmetria; in essa N, è il numero degli eventi fisici 
(A, L) contati con il contatore L nel piano di scattering elastico e N | è Pana- 
logo numero con L nel piano perpendicolare al piano di scattering elastico. 
Per determinare i valori di N, e N, corretti per il fondo, venivano eseguiti 
gruppi successivi di quattro misure, alternando due misure con targhetta di 
diffusione di Pb a due misure con targhetta di Al. La targhetta di Al, avendo 
PAI basso numero atomico, dà origine ad un numero trascurabile di eventi 
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elastici (che dipendono tutti da Z secondo potenze di almeno Z?), mentre ri- 
produce abbastanza bene la radiazione non elastica uscente dalla targhetta 
die. 

Se si sceglie, come in effetti è stato fatto, lo spessore della targhetta di Al 
in modo che l’intensità dei fotoni emessi coincida, attorno al picco Compton, 
con l’intensità dei fotoni emessi dalla targhetta di Pb nella stessa regione dello 
spettro di energia (entro 11%), il numero di conteggi N,,, e N, u eseguiti 
con la targhetta di Al fornisce la correzione per il fondo alle misure con la 
targhetta di Pb. 

Gli eventi che contribuiscono a generare il fondo sono infatti, a parte eventi 
di probabilità trascurabile: 


a) Coincidenze casuali pure originate da due fotoni indipendenti che 
interagiscono contemporaneamente in A e L. Le coincidenze casuali pure sono 
poche e il loro numero è sostanzialmente lo stesso per le targhette di Al e Pb. 
Così le differenze Pb — Al sono automaticamente corrette per coincidenze a 
caso, mentre il loro contributo all’errore statistico è praticamente inalterato. 
La misura di coincidenze casuali è stata fatta ritardando di circa 15 us gli 
impulsi d’uno dei canali di ingresso della coincidenza veloce C. 


b) Coincidenze di «impilamento » dovute ad un fotone che, diffuso per 
effetto Compton dalla targhetta, incide su A e viene diffuso in L, accompagnato 
casualmente da un altro fotone che interagisce contemporaneamente in A. Tali 
eventi possono dare sia in D, che in D, un segnale capace di arrivare a C e ciò 
perchè la soglia di D, deve essere regolata abbastanza bassa da non escludere 
gli eventi dovuti a fotoni elastici diffusi in À sotto gli angoli massimi consen- 
titi dalla geometria. Il numero di queste coincidenze dette di impilamento è 
per piccoli angoli di scattering elastico molto più grande di quello delle coin- 
cidenze casuali pure, perchè in queste condizioni anche i fotoni diffusi per effetto 
Compton che incidono in A hanno una notevole energia (0.85 MeV a 45°) e 
sono in gran numero (la sezione d’urto differenziale per effetto Compton vale 
a 45° per il Pb 1 barn/sr contro una sezione d’urto elastica — 1 mb/sr). 


Infatti N,,/N,,, che rappresenta il rapporto fra i conteggi spuri causati da 
fotoni Compton, ed il totale dei conteggi, è piccolo a grandi angoli (~ 0.01) 
mentre cresce progressivamente con il diminuire dell'angolo fino ad un valore 
di circa 0.3 per un angolo di 45° restando sempre il numero della coincidenza 
casuale pure dello stesso ordine di grandezza (~ 0.01, 0.02). 

Si può dunque concludere, che una volta stabilita la condizione che Vin- 
tensità dei fotoni emessi dalla targhetta di Pb intorno al picco Compton sia 


uguale a quella emessa dalla targhetta di Al nelle stesse condizioni, il numero 
delle coincidenze spurie con targhetta di Pb risulterà uguale al numero delle 


coincidenze totali con targhetta di Al. 
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In definitiva la asimmetria di conteggio è data da 


mete (Nip cu Nin) — (Net la) 
(Np pp —Niu) + (Ne — Nu) 


Infine, poichè la disposizione del polarimetro poteva dar luogo a piccole 
asimmetrie strumentali dovute, per esempio, ad un cattivo allineamento del- 
l’asse del polarimetro, si sono eseguite misure di asimmetria strumentale sosti- 
tuendo alla targhetta di Pb una sorgente di “Co. Tale asimmetria è sempre 
risultata inferiore all1%; in ogni modo i dati sono stati corretti per questo 
effetto strumentale. Nota l’asimmetria 
di conteggio A, corretta nei modi ora 117MeV 133MeV 
detti, si può ottenere la polarizza- an 
zione P da 


I EL 


(1) PEAR, 


dove R è la quantita 


jp = 2 909) o È 
\20,(9) media 


e Go(g) e 0;(9) sono le parti della sezione 
d’urto per scattering Compton rispet- 
tivamente insensibile e sensibile alla 
polarizzazione del fotone incidente; la 
media è fatta sugli angoli permessi 
dalla geometria del polarimetro. Per la 
nostra geometria la valutazione nume- 
rica di À ha dato 


JMOMM2S 10515 16017101928 
Fig. 4. 


R=34 


con una incertezza di ~ 0.1. 

I risultati ottenuti dalle misure sono riportati nella Tabella I. Nel grafico 
di Fig. 4 è riportato il rapporto sperimentale P(0)/P(60°), e questo è confron- 
tato con l’andamento della curva teorica ottenuta tenendo conto dello scat- 
tering Thomson e dello scattering Rayleigh sugli elettroni A secondo i calcoli 
di Brown e Mayers. L’uso del rapporto è opportuno perchè in tal modo nel 
confronto fra teoria e esperienza ci si può svincolare dagli eventuali errori 
introdotti dal fattore moltiplicativo À della (1). 

I punti sperimentali sembrano indicare una curva più stretta di quella 
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‘alcolata, con differenza massima tra le due curve a 45°. Tale differenza po- 
trebbe essere attribuita alla eventualità di una incompleta discriminazione 
del fondo dalla radiazione elastica a piccoli angoli, in modo che un fondo 
depolarizzante si sovrapponesse al conteggio dei fotoni elastici riducendo la 
polarizzazione totale. Per eliminare questo sospetto abbiamo calcolato in base 
alle nostre intensità le sezioni d’urto per il processo di scattering elastico. 


TABELLA I. — Grado di polarizzazione. 
| Calcolato Misurato (P=AR) Misurato (P=4A R) 
Angolo (B.M.) (%) | (ns. risultati) (%) | (risultati di altri) (%) 
45° — 68.3 | — 32.4 +8.5 — 
66° | — 99.1 — 100.1 +5.8 —- 
75° — 60.8 | ==, 97 446 = 
| 90° | 9405 | — 13.5 +5.6 - 6.3+5 (Soop) (1°) 
| 105° | SR RIE a 
| oie — | — — 160 (FUSCHINI, et.al.)| 
| 7 16 
| | comun. privata ( ) | 
La tabella riporta i risultati ottenuti fino ad ora nelle misure di polarizzazione a 1.25 MeV 
confrontati con le previsioni teoriche secondo i calcoli di Brown e Mayers. 


I risultati, riportati in Tabella II, sono naturalmente affetti da incertezze 
dovute all’autoassorbimento della targhetta, che nel nostro caso non è sottile 
> al fatto che non è nota con adeguata precisione l'efficienza del polarimetro. 


TABELLA II. — Sezione d’urto. 

| E | a i | + 
Nostri Risultati di BERN- 
risultati STEIN e MANN (9) 


in unità di 10-*8 em? 


45 11.3-b2 LO Ras 

60 | BAA | 4.5+0.5 | 
75° | TELO | PEZZO 

90° | 1.5+0.8 | 1.6+0.2 

105 1.3+-0.25 | 12202 


Nella tabella sono confrontate le misure di sezione d’urto da noi 
ottenute per lo scattering elastico con le misure di Bernstein e Mann (°). 


Se si tiene conto però che queste correzioni si riducono solo a fattori mol- 
tiplicativi se ne deduce che, salvo una eventuale normalizzazione, i nostri dati 
possono essere paragonati con quelli già ottenuti da altri autori. 
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Poichè il risultato di questo paragone è, come mostrano le due ultime righe 
della Tabella I, pienamente rassicurante, possiamo escludere che a piccoli 
angoli fosse presente un fondo di intensità apprezzabile sfuggito alle nostre 
correzioni. 

Abbiamo quindi pensato alla presenza eventuale di qualche altro contributo 
al processo di scattering elastico, oltre i due considerati. 

Questo potrebbe essere: 

a) Un contributo ulteriore dello scattering Rayleigh sugli elettroni L. 
b) Un contributo dell’effetto Delbrick. 


A questo proposito dobbiamo osservare che i calcoli con il fattore di forma 
per il contributo degli elettroni L non sono sufficienti per la valutazione della 
polarizzazione e calcoli più raffinati al momento attuale non esistono. 

Tuttavia ampiezze dell'ordine di grandezza di questo fattore di forma 
potrebbero rendere conto del disaccordo, quando interferissero in maniera op- 
portuna. 

Al contrario, per quanto riguarda l’effetto Delbrück, l'interferenza di ragio- 
nevoli parti immaginarie dell’ampiezza di scattering Delbrück con le ampiezze 
Rayleigh+Thompson lascia praticamente invariata la polarizzazione del fascio 
diffuso. 

Per fare queste valutazioni ci siamo serviti dei risultati dei calcoli di 
KESSLER (17). Resta aperta la possibilità di un notevole contributo della parte 
reale dell’ampiezza di scattering Delbrück. 

Questo sarebbe però in contrasto con le previsioni teoriche che prevedono 
una parte reale delle ampiezze di scattering minore della parte immaginaria. 


Desideriamo ringraziare vivamente il prof. ETTORE PANCINI per l’atten- 
zione che ha prestato al nostro lavoro e per i consigli e i suggerimenti che ci 
ha dato. 

I nostri ringraziamenti vanno pure al prof. BORSELLINO per alcune utili 
discussioni e al dr. BOBEL per l’aiuto che ci ha dato nella preparazione del- 
l’esperienza e per successive utili discussioni. | 


SUMMARY 


The degree of transverse polarization of the radiation from a source of Co, elas- 
tically scattered by a lead target, has been measured at various angles. Experimental 
results are shown in Table I: a comparison has been made between these and the 
theoretical predictions for the contribution of the Thomson and Rayleigh effects. 
Amplitudes calculated for AK electrons by Brown and Mayers (°) have been used. 
For an accurate test of the theoretical situation by means of the experimental results, 
refined calculations of ZL-shell contribution to Rayleigh scattering are needed. 
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Meson Production in Nucleus-Nucleus Collisions (*). 


G. ALEXANDER (*), J. AVIDAN, A. Avni (*) and G. YEKUTIELI 


Department of Physics, The Weizmann Institute of Science - Rehovoth 


(ricevuto il 12 Gennaio 1961) 


Summary. — Nucleus-nucleus collisions at cosmic ray energies are 
described in terms of nucleon-nucleon collisions. The average multi- 
plicity for different types of reactions is predicted and compared with 
experimental observation. 


1. — Introduction. 


Since the discovery of Heavy Primaries (H.P.) in the Cosmic Radiation 
(C.R.) by FREIER et al. (*) the nuclear interaction of C.R. nuclei in photo- 
graphie emulsion was studied by various authors (2). These 


A €) studies revealed the main features of nucleus-nucleus 
I à 
reactions. 


| 

tp 
(D A nucleus-nucleus collision is schematically described in 
ai Fig. 1. The incident nucleus A, moves with very high momen- 
asad tum P, and hits the target nucleus A,, with an impact para- 
Fig. 1.- A nucleus- Meter db. The reaction starts with violent collisions between 

gol. — È 

nucleus collision. nucleons in the overlapping volumes of both the incident and 


() This work has been sponsored in part by the Air Force Cambridge Research 
Center, Geophysics Research Directorate of the Air Research and Development Com- 
mand, United States Air Force, through its European Office. 

(”) Also from the I.A.E.C. Laboratories, Rehovoth. 

(1) P. FREIER, P. E. LorGREN, E. P. Ney. F. 
B. PETERS: Phys. Rev., T4, 213 (1948). 


(2) Some of these papers are reviewed and referred to by B. PETERS: Prog. Compt. 
Rend. Phys., 1, 193 (1952) and 8. F. SINGER: Prog. Compt. Rend. Phys., 4, 203 (1958). 
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target nuclei (shaded areas in Fig. 1). In these collisions many mesons are 
produced. At very high energies the secondary nucleons and mesons are highly 
collimated in the forward direction and further secondary collisions are con- 
fined mostly to the overlapping volumes. The energetic mesons and nucleons 
so formed make the jet of shower particles observed in photographic emulsion. 
Relatively little energy is transferred to the non-directly hit parts of both the 
incident and target nuclei. These parts of the nuclei are excited and conse- 
quently the nucleus is reduced in size or even completely disintegrated by the 
ejection of low energy nucleons, «-particles, and heavier fragments. The nuclear 
fragments of the non-colliding part of the incident nucleus emerge, after the 
reaction, with practically the same momentum per nucleon as the incident 
one. In the photographic emulsion they show up as a very collimated beam 
of tracks moving in the direction of the incident H.P. The nuclear fragments 
of the target, on the other hand, are mainly low energy nucleons and «-par- 
ticles, that make the heavy prongs of the star associated with the nucleon- 
nucleon collision. At lower incident energies secondary collisions are not con- 
fined any more to the overlapping volumes, and some mesons and secondary 
fast nucleons are produced around the boundaries of the directly hit sections 
of the two nuclei. 

In reality, even at high enough energies a nucleus-nucleus collision is a 
complicated process involving interactions between many particles. The sche- 
matic model described above, may serve only as an aid to analyse nucleus- 
nucleus reactions. This model was already used in a previous paper (*), for 
calculating the reaction cross-section in nucleus-nucleus collisions. In this 
paper the geometrical model is used to analyse particle production in nucleon- 
nucleon collisions. We make the assumption that the number of mesons pro- 
duced in nucleus-nucleus collisions is proportional to the average number of 
incident nucleons, N,, that participate in primary collision. With this assump- 
tion several features of nucleon-nucleon collisions, like charge multiplicity, 
are predicted and compared to experimental data, in Sections 3 and 4 The 
fragmentation of the incident nucleus is discussed in Section 5 and evidence 
for the movement of the target nucleus is given in Section 6. 

The experimental data used for comparison in this paper are obtained from 
the works of FOWLER et al. (4), RAJOPADHYE and WADDINGTON (°), CESTER 
et al. (6) and LOHRMANN et al. (7) and from new material presently measured. 


(3) G. ALEXANDER and G. YeKuTIELI: Nuovo Cimento, 19, 103 (1961). Hereafter 


will be called paper I. 

(4) P. H. FowLER, R. R. HiLLier and C. J. Wappineton: Phil. Mag., 2, 293 (1957). 

(5) V. Y. RagopaDHYE: Phil. Mag., 3, 19 (1958). 

(6) R. Cester, H. BENEDETTI, C. M. GARELLI, B. QUASSIATI, L. TALLONE and 
M. VIGONE: Nuovo Cimento, 7, 371 (1958). 

(7) E. LOHRMANN and M. W. TeUCHER: Phys. Rev., 115, 636 (1959); and. P.I. JAIN, 
E. LOHRMANN and M. W. TEUCHER: Phys. Rev., 115, 643 (1959). 
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2. — Experimental. 


A G-5 emulsion block of dimensions (20 x 30 x 0.06) em? that has been ex 
posed to cosmic radiation in Texas at a height of about 80000 feet was scanned 
for heavy primary interactions. The heavy nuclei tracks were picked up at 
about 5 mm from the top edge of the block and then followed until they in- 
teracted or left the stack. Tracks having a dip angle of < 30° or that in- 
teracted at a distance of less than 1 cm from the edge were disregarded. In this 
way 177 interactions have been obtained. 

S-ray calibration points have been obtained by a few cases where a com- 
plete splitting has occured. These calibration points were used together with 
the knowledge of the ionization change with energy to determine the charge 
of the interacting particles and the fragments of Z> 2 that emerged from 
them. In this way the charge Z of the incident heavy primaries was determined 
to one charge unit. All secondary tracks were subject to a dip and projected 
angle measurements, out of which the true angle has been computed. Black 
tracks were followed to rest and other secondary particles were subject to 
ionization measurements by grain counting. Tracks having an ionization value 
3.5 < 1/1 min< 4.5 were followed until their identity as a proton or an «-par- 
ticle has been obtained. 

The energy of the heavy primaries was estimated by three different meth- 
ods. 1) Whenever two or more «-particles emerged from the interaction in 
the forward cone the KAPLON et al. (8) method of estimating the incident energy 
by the opening angle of the «-particles was used. 2) In cases of low energy 
primaries, less than 1.5 GeV per nucleon, the ionization of «-particles and 
protons, believed to be fragments of the incident nucleus, was measured. The 
energies based on these ionization measurements agree well with the ener- 
gies found by the KAPLON et al. method. The energies estimated according 
to these two methods are compared in Table I. 3) The incident energy 
of the more energetic events £> 1.5 GeV per nucleon was estimated by the 
angular distribution of the shower particles according to CASTAGNOLI 
et al. (*). The 177 interactions analysed are divided into two groups ac- 
cording to their incident energy. All events induced by primaries with 
kinetic energy H>1.5 per nucleon are included in the higher group, while 
all other events induced by primaries of lower energy are included in the lower 
group. In each energy group the events are grouped according to the charge Z 
of the incident heavy primary. The Light, Medium and Heavy groups con- 


) M. F. KAPLON, B. Perers, H. L. REeyNoLDs and P. 0. Ritson: Phys. Rev. 
85, 295 (1952). 
“ 


ni 


x al = 1 È + R 
C. CASTAGNOLI, G. CORTINI, C. FRANZINETTI, A. MANFREDINI and D. MORENO: 
Nuovo Cimento, 10, 1539 (1953). 
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Table I. — Incident energy estimation according to Kaplon-Peters method (Exp) and the 
tonization method (Hyon). 


Event no. | Exp (GeV) | Bion (GEV) Exp/Eion | 
| 
| 

1 0.2 0.9 0.22 
2 5.5 1.0 5.5 | 
3 | Lek | 1.3 0.84 | 
4 | 0.8 | 0.8 1.00 | 
5 | 1.75 | il 1.59 
6 | 1.00 ihe 0.91 
vi 0.28 0.5 0.56 | 
8 0.45 | 0.55 | 0.82 | 
9 0.50 | 0.70 | 0.71 | 
10 0.37 0.75 0.49 | 
| itil | 0.85 1.0 0.85 | 
| 12 0.20 0.4 0.5 | 
13 0.70 1.0 0.7 | 
13 0.47 1.0 0.47 | 
15 0.25 1.0 0.25 


tained primaries with 3<Z<5; 6<Z<9 and Z>10 respectively. The 177 
events grouped according to their incident energy and primary charge are 
listed in Table II. The relatively low number of events in the light group 
is due to scanning bias for low charge H.P. 


3. — Meson production in nucleus-nucleus collisions. 


Meson production in nucleus-nucleus collisions is described in terms of 
nucleon-nucleon interactions. Following paper I, the target and the incident 
nuclei are described as clusters of A, and A, nucleons, with density distribu- 
tions 0, and o, similar to their respective charge distributions (7°). 

In the following we deal mainly with reactions induced by heavy C.R. 
particles in photographic emulsion. The incident heavy C.R. particles consist 
mostly of Li, Be, B, C, N, O nuclei and some less abundant heavier elements. 
The target nuclei in emulsion, on the other hand, are C, N, O and Br and Ag. 
Hence in the majority of the reactions the incident particle is lighter than 
the target. Therefore we shall analyse a nucleus-nucleus reaction in terms of 
the average number of incident nucleons N,, (b) that participate in this reaction. 


N,,(b) is a function of the impact parameter 6, in a given nucleus-nucleus 


(10) For details of the density distribution used see Table I of ref. (3), paper I 
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Tage II. — Characteristics of heavy primary stars in emulsions. (N, = number of 
heavy prongs, N, = number of relativistic x-particles, N, = number of secondaries 
with I < 3.51.4. N,— number of secondaries with I < 1.41 min») 


E< 1.5 GeV 


Pri- | Frag- | Pri | Frag- | 2 AE | 
mary oe N, | Nae | M N, mary o ments | i Na | Ni NM 
Dia | 
Be 1 2 = AE | Be AT ee LE PAS 2 
Be ue 4 AO EU LT: Do TIMER ISEE 1 
B SAME Styne sale Rab A EL © 
i as 3 | — 7 NUE NOEL 6]. 72:01 LR 6 RE 
| *B 10 | — à LOIR heey ye 6 | — | 9] 8 
WB |e 4 1 He dl 13 | — | 32 9 
| ae 1 1 4 3 F rez ne 6 
C Li 8 | — Bie slate | 26 i oe 4 | 
© B 4 dl | F N _ 1 1 l'OS 
C 3 att BM PEN Oe een ee 
C Be GI = 2 | == i) Ne (I weet 1 n 
È Sas 4 1 || Ne Li = 2 1 1 
C ta e 9 5 Ne ih cee Aes CI 9 
È (OM 7 Ne LE SAIS ONE 
C dalai 6 Na 13 RI URSS 
CG 12 = 8 5 Na — ZIA ITS 6 
È LOI MCR Sei ALI Na 2 Sois A. 9 
0 16. == o n Na 17 Aa aire De 
ime Be 1 1 1 1 Na IRA SE ESS 9 
C 1 2 6 1 Na ni 4 2 10 D 
N Li CR ae 8 7 Mg C 10 3 2 1 
N ee 3 I Mg | B,Be| 2 1 ig = 
N 3 | 2 7 6 || Mg F =“ 1 1 1 
N LOR 9 6 | Mg C = 1 5 2 
N Se) 9 6 Mg PA MSA elie 
N Ps |B TO Mg PARSO Ma ii 
N a SE 8 Mg G 3 2 6 4 
N Sa! 7 Mg O IR et 5 1 
N D OS 1 1 Al Nevis 1 2 3 
N 30M, vi AI 2 2 25 | 15 
N sa 5 SAI Be 28 |a lon 5 
N 22 ALI 3 Si DRE ITS 5 
0 alee Sl P Ti 20M 16 ea 
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TABLE II. (Continued) H>1.5 GeV 
Da | | | Met | se 
Ente, Sali ey ene soli Lee, 
mary ments. | | | mary | ments | i 
= i Bee || = a | _ 
Li 1 AE di | F N = 
B i 5 = TORRES F Be _ 
B 16 ee eS QT F 2 
B rey EE 30k eG SU T 10 ee 
B 3 2005 20 E Be 2 2 
Be Bi 3 1 A Y 6 = 
(È Pee it | zi (A 32 
Cc | | 18 2 ENST IE B —. 2 
CHMRERe SÙ ue 6 4 || F Saale 
Cn iy Sera? 5 2-1 Nesli LUS 
© Me NRC = We Ne | Na ta) a 
Cees | 14 | CONE Td Ne zo = 
G FMI Ne 16 = 
G oT = 250007 Ne nilo = 
C eo) A he | NT Ne Li 4 2 
C [a on 7 Ne On AN) 
€ 5 12 10 Ne | 5 1 
C — Se Nae Oe La Baye 
C | 2 E 1 Na | ee aa 
C 20 } 122 | 91 Na | (ET 3 
Gu al 21 = 18 9 | Na DIN PE 1 
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N | 15 Qo 5 ELI A aks 4 4 
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collision (1-7), 


(Se) IM al) = | | for — b, y, 2) {1 — exp [— on,(a, y)]} dx dy dz . 


dv 


© 
where on,(x, y) = of o,(a, y, 2)dz is the average number of collisions made by 
co 

a nucleon, with a reaction cross-section o, moving along the z-direction. The 
2 integration in (3.1) is extended from — co to + co, while the (x, y) integration 
is above the overlapping area, of the incident and target nucleus, with impact 
parameter b (see Fig. 1). 

Using the density distribution function o(r) as given in I (*), and o= 30 mb, 
N,,(b) was integ ‘ated numerically for a number of incident-target pairs. An 


example of this integration for a carbon nucleus is shown in Fig. 2. For each 


12 


N (b) 


b(fermi) 


Fig. 2. ~ Average number of colliding incident nucleons N(b) as a function of impact 
parameter, b, in collisions of carbon nuclei in emulsion. 


nucleus-nucleus reaction (1-T) an effective impact parameter pères V 6,p/T is 
defined with the help of its reaction cross-section as calculated in paper I. 
The corresponding effective impact parameters are shown, by circles, on Fig. 2 
The average number of incident nucleons N,,(b,) corresponding to them are 
just below unity, as expected. This allows us to approximate o,,, by xb? (N= 1) 
The average number of incident nucleons that made primary tee per | 
nuclear reaction induced by an J incident nucleus in icon Is | 


(3.2) N, = 6; > gr] Ninlb)271b db , | 


0 
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where o, is the reaction cross-section of an J nucleus in emulsion, and Ur 18 
the density of the 7 target nucleus in emulsion. The summation is over the 
different nuclei in photographic emulsion with the exclusion of hydrogen. 
Using the reaction cross-sections os, of paper I, the average number of col- 
liding incident nucleons, N,, per nuclear reaction induced by an J nucleus 
in emulsion was calculated. The results are given in Table III. The observed 
numer of shower particles (1<1.41,,) per star with N, > 1, for Li, Be and 
B stars as quoted in Table III were measured by the Bristol (4°) and Turin (5) 


TABLE III. — Multiplicity N, versus number of interacting incident nucleons N, in 
nucleus-nucleus collisions. 
Incident ; : } 
| nucleus N, N, NONE 
Li IDO 6.5+1.1 1.85 +.31 
Be 4.26 EE 1.57 +.26 
B 5.49 DIL ESTER 
C 5.26 TS SES 2.22+.18 
N 5.70 GIALLO 1.63 +.18 
(0) 6.27 11.4+1.2 1.82 4.2) 
groups, while our present results for [alata | | 
H>1.5 GeV per nucleon are also incorpo- Ca ò | 
rated in the multiplicities of the C NO stars. ‘ 
It appears from Table III. that the 201 eee A 
Das e nr SEO > E>7 GeV i 
charge multiplicity N,, is proportional to È Ai 4 


the average number of incident nucleons 


per nucleus-nucleus collision V,, the aver- ; oe 
7 


Cassa: 10— A 
age proportionality factor for light and ci 
SA TIE [E>15GeV 1 
medium primaries with H>1.5 GeV per : ] 

Rees eee aa ae Le i 
nucleon in emulsion is N;/N,= 1.81. tela” 
The observation of LOHRMANN et al. (7) 5 =| 


and the results of this paper are used to 
estimate the average multiplicity for inci- 
dent primaries with £>7 and E<1.5 GeV 3 E = 
per nucleon, respectively. The average E<15GeV 


charge multiplicities for these two cases 2 2 
are given for three groups of heavy prima- 


E i ; I 
ries: 1) Light particles: L= Li, Be, and B. 6 8 10 15 20 20 
2) Medium- particles: M= €, N, O and A; 
avy particles, H=: JeiheavierthanF. mr. Bae 
ee cua cles Bay eles eo ‘ a x Fig. 3. — Multiplicity, N, in nucleus- 
The average charged multiplicities N, nucleus collisions, as a function of 
for these groups together with those incident nucleus size, A,. 
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of Table I are plotted on Fig. 3. It appears from Fig. 3 that proportionality 
N, N, holds well for primaries with E=1.5 GeV per nucleon and for the 
other two groups. The average ratios N,/N, for nuclear events of heavy pri- 
maries in emulsions, are compared in Table IV with the average charged mul- 
tiplicities N, of protons of the same energy. The multiplicities of the proton | 


s 


ae TA ae 
stars were taken from CAMERINI et al. (14) and using a C.R. spectrum of E 2H. | 


Tage IV. — Observed multiplicities in stars induced by heavy primaries and protons | 
in emulsion. | 


| Average multiplicity per incident nucleon | 
Energy per nucleon GeV | r | a | 
Hare stars’ Ni) Ne C.R. proton stars | 


E < So GeV | 

=D | 1.50+.39 (2 et | 

= : 4 

| | 

E>1.5 GeV | 1.81 +.10 1.52 +0.6 | 
E>7GeV 3.70 +.59 3.90 +0.7 


The results summarized in Table IV may be interpreted as follows. Some 
of the shower particles in H.P. stars are relativistic protons originating from 
the incident nucleus. At low energies when few mesons are produced these 
protons make the majority of shower particles in H.P. stars, and this is why 
the relative multiplicity in these stars is higher than in proton stars of the} 


same energy per nucleon. On the other hand, the observation that at higher | 


energies the multiplicity of proton induced stars is equal (or even higher) to 


that of H.P. stars, indicates that a single proton in a nucleon-nucleus collision 
produces more mesons than a single nucleon in a nucleus-nucleus collision. 


| 
| 
| 


4. — Integral multiplicity spectrum. 


The integral multiplicity spectra in nuclear collisions induced by light and 
medium C.R. particles are deduced from the observations of Bristol (#5), TUE 
rin (*) and Chicago (7). By comparing the observed integral spectrum of shower! 
particles to that of the colliding incident nucleons, one may examine the ef- 
fectiveness of individual nucleons to produce shower particles. 

The probability per unit length of emulsion that the average number of. 


(al U. CAMERINI, J. H. Davies, C. FRANZINETTI, W. 0. Lock, D. H. PERKINS| 
and G. YEKUTIELI: Phil. Mag., 7, 1261 (1951). 
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colliding nucleons of an incident nucleus /, exceed N,, is 
(4.1) DD) TN), 


where b,,(N) is the impact parameter in a 1-T collision corresponding to an 
average number of N,,(b) colliding nucleons, and g, is the density of the 
T target nucleus in emulsion. For a mixed group of primaries (light or medium) 
the probability for the same event is 


where h, is the relative intensity of individual primaries in the group. The 
normalized probability per nucleus-nucleus interaction is P(>N)—P(>N)/P(>1); 
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Fig. 4. — Integral multiplicity spectra for light incident nuclei. 


where the reaction mean free path in emulsion is approximated by 1/P(>1). 
The integral colliding nucleons spectra P(>N) for light and medium C.R. 
primaries are plotted in Fig. 4 and 5. On the same Fig. 4 and 5 the observed 
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Fig. 5. — Integral multiplicity spectra for heavy incident nuclei. 
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integral spectra of shower particles for primaries with #>1.5 GeV per nucleon 
and for E=>7.0 GeV per nucleon as observed by the Bristol, Turin and 
Chicago groups are also given. If the observed multiplicity was proportional 
to the average number of colliding nucleons, their respective integral spectre 
were represented by parallel curves on Fig. 4 and 5. However, because there 


are large fluctuations in the number of charged particles produced per nucleon- 


nucleon collision, the observed integral spectra are shifted, towards higher 
multiplicities. The fluctuations in the number of shower particles are due to 
a) fluctuations in the number of mesons and relativistic nucleons (neutral and 
charged) formed in each collision and b) fluctuations in the number of charged 
particles. An attempt was made to account for the charge fluctuations for 
collision with Æ > 1.5 GeV per nucleon. In this case, on the basis of the 
results reported in the last section and with the help of a charge balance 
calculation, we estimate that, on the average 1.8 charged shower particles 
and 1.2 similar neutral particles are formed by each colliding nucleon. With 
these parameters the integral spectrum of shower particles #(>N,) was cal- 
culated from the integral spectrum of colliding nucleons P(> N). The calcu- 
lated spectra for light and medium primaries are shown on Fig. 4 and 5. 
The calculated spectra for H>1.5 GeV seem to approach the observed one 
in the right directions. Moreover we believe that the introduction of the fluc- 
tuations in the number of mesons and relativistic nucleons formed per colli- 
ding nucleon, will improve the calculated integral spectra of shower particles. 


o. — Fragmentation versus multiplicity. 


Both fragmentation and multiplicity depend strongly on the impact para- 
meter in nucleus-nucleus collisions. The larger the impact parameter b, the 
larger is the part of the incident nucleus that does not participate in the re- 
action, and so on the average more fragments are ejected and less shower 
particles are produced, and vice versa. 

Let us estimate the effective size of the non-colliding part of the incident 
nucleus by the charge Z, of «particles and heavy fragments ejected from the 
reaction. We shall tentatively assume that for close collisions 0<b< b,, the 
non-colliding part of the incident nucleus is so small that on the average not 
a single «-particle is ejected (Z,<1). Next for b,<b<b,, on the average only 
a single «-particle is ejected (Z, = 2); for b<b<b, a Li or Be fragment or 
two «-particles are ejected: 2< Z,<4; and so on. Following this convention, 
the probability for the emission of fragments with effective charge Z, is equal 


to the probability of nucleus-nucleus collision with Die Dea ermine: 


(5.1) Pa) PES 
mb?(N = 1)’ 
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where b(N = 1) is the impact parameter for a single collision and 2b2(N = 1) 
Stands for the cross-section for nucleus-nucleus reaction. 

The relative frequency P(Z,) of stars with different effective fragment 
charge Z,, as observed by the Bristol (4°), Turin (*) and Rehovoth groups, in 
stars induced by light and medium primaries with £> 1.5 GeV are summarized 
in Table V. The impact parameters b,,, and b, corresponding to the observed 
P(Z,) are calculated by (5.1) and are given in Table V, together with the 
average number of colliding nucleons N,(b) of (3.2). Next the expected mul- 
tiplicity N, is calculated on the assumption that 1.81 shower particles are 
formed per each colliding nucleon, and compared in Table V to the observed 
multiplicity N, of the corresponding stars. The expected multiplicity ranges 
N,—N, estimated in this way are found to be in good agreement with the 
observed multiplicity N,. Finally, the average number of incident nucleons 
that did not participate in the collision, A — N,(b), are also given. It is re- 
markable that the average number of non-colliding incident nucleons agrees 
with twice the effective fragment charge Z, of the corresponding group of 
stars in Table V. 


TABLE V. — Hffective fragment Z vs. average multiplicity in light and medium stars. 
Light group Medium group 

| | x 

va VA AO De VARZI, Tg? (2244 422; 
P(Zx) | 058 0.39 0.18 0.42 0229) 0.18 Onze 
Cee Re eagle a a 726 446,81 61809.0 
RD RS ON CO Al AO MP 20801 025 | hb — 2.3 1h05 22071 
IN, Er 14.9—8.9 | 8.9 2.5 | 2.5=0.2 |) 22.1 =14.5 | 14.5—9.9 | 9.9 4.2 | 42— 0.2 
IN; obs. 10.6 | 6.45 2.5 INTRO, Shed 6.0 1.82 
A—N,(6)| 0 =3.3 | 3.3=6.6 | 6.6 8.1 QO — 4.2 4.2 —6.7 | 6.7—9.9 | 9.9—12.1 


6. — Recoil of the target nucleus. 


Some idea on the motion of the non-directly hit part of the target nucleus 
‘an be obtained from the angular distribution of black prongs associated with 
heavy primary stars in emulsion. The angular distributions of black prongs 
(1,>61 
a) E <1:5 and b) E=>1.5 GeV per nucleon are given in Fig. 6 and 7 respec- 


min) for two groups of stars 1e. induced by heavy primaries with 
tively. The angular distributions of small stars, (N,<7) are shown by broken 
lines on both Fig. 6 and 7. Black prongs of large stars (N, > 7) are due mainly 
to low energy protons and «-particles resulting from the evaporation of excited 
heavy (Br and Ag) target nuclei. Let us assume that the excited heavy target 
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nuclei associated with large stars are moving with an effective velocity f., 
and that the low energy protons and «-particles are ejected from it isotro- 
pically and with an average velocity f,. In this case the effective velocity /, 
of the excited target nuclei can be estimated from the median angle 0, of the 
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black prongs: y. cot0,= B.B. Now for a very slow moving system y,= 1 


and f.=, cot 04. 


E<1-5 GeV 


ie 
| | 
a NT IA Fab oe, PS 
0 1 1 | Dis PS z | pers DI 
08 0-4 0 -0:4 -0:8 
cos 8 
Fig. 6. — Angular distribution of black 


prongs; E < 1.5 GeV per nucleon. 


The median angles of black prongs associated with different groups of stars 


08 04 0 -04 -0:8 
cos 8 
Fig. 7. — Angular distribution of black 


prongs; E > 1.5 GeV per nucleon. 


are summarized in Table VI. The effective excited target velocity B., is esti- 
mated for 6) = 0.16, which is the velocity of a typical evaporated proton. 


| 


IAB LE Vi Le 


Energy group Star size 
E> 1.5 GeV all stars 
ING SS Th 


E<1.5 GeV all stars 
E = 0.69 GeV N, > 


7 
ig " 
Nr: ! 


Median angles 0, of black prongs. 


Dy Be 

Bi 0.(29 
SC” 0.029 
75 0.043 
Te 0.036 
69° 0.660 


It appears from Table VI that the excited target nuclei (Br and Ag) asso- 


ciated with large stars, recoil as a result of the nucleus-nucleus collision and 
move slowly with 6, 0.03. It is worth-while noting that the excited target 
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nuclei of the lower primary energy group (E < 1.5 GeV) seem to move faster 
than those of the higher energy group. 

Qualitative comparison of the above results to those observed for stars 
induced by cosmic ray protons of the same energy per nucleon (1) show that 
the excited target nuclei induced by heavy primaries are accelerated more 
than those induced by proton primaries. 


7. — Conclusions. 


Nucleus-nucleus collisions at high energies can be described by a simple 
geometrical model (see Fig. 1) as a reaction, in two stages: 

a) Violent head-on collisions between incident and target nucleons in 
the overlapping volumes of the two colliding nuclei, in which many mesons 
and relativistic nucleons are formed, and make the jet of shower particles of 
the H.P. stars in photographic emulsion. The average number of shower par- 
ticles so produced is proportional to the average number of colliding incident 
nucleons. Moreover the multiplicity per colliding incident nucleon is in agree- 
ment with that induced by primary protons of the same energy. 

b) Nuclear excitation of the non-directly hit parts of both incident and 
target nuclei. This excitation causes in most cases the complete disintegration 
of the incident nucleus into nucleons, «-particles, and heavier fragments. We 
were able to demonstrate a correlation between the effective size of the non- 
interacting part of the incident nucleus and the star multiplicity, and to pre- 
dict the average multiplicity of stars as a function of their total fragment 
charge. The analysis of the angular distribution of protons and «-particles 
(black prongs) associated with large stars (NV, > 7) indicate a shght movement, 
p = 0.03 of the excited heavy (Br ang Ag) target nuclei. 


We would like to thank Prof. HOUTERMANS and the Bern C.R. group for 
their kind co-operation, and the loan of the Texas stack of emulsion for this 
experiment; and to Messrs. A. Levy and U. KARSHON who did most of the 
numerical calculations. 


(2) U. CAMERINI, 0. W. Lock and D. H. PERKINS: Prog. Compt. Rend. Phys- 
1, 3 (1952). 


RAS SU IN IO) (6); 
Descriviamo, in termini di collisioni nucleone-nucleone, le collisioni nucleo-nucleo 


alle energie dei raggi cosmici. Prediciamo la molteplicita media per differenti tipi di 
reazioni e la confrontiamo con le osservazioni sperimentali. 


(*) Traduzione a cura della Redazione. 
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High-Energy Interactions of a Heavy Primary in Emulsion. 


G. B10Z6, G. Bozox1, E. FENYVES and E. GOMBOSI 


Central Research Institute of Physics - Budapest 
Roland Eotvés University - Budapest 


(ricevuto il 23 Gennaio 1961) 


Summary. — Two successive high-energy interactions of a heavy primary 
cosmic ray particle in emulsion were analysed. The differential angular 
distribution of shower particles generated does not show any significant 
deviation from the distribution predicted by the hydrodynamical theory (*). 


Two successive high-energy collisions of a heavy primary cosmic ray par- 
ticle were found in plates of the I stack irradiated in the Po-Valley Expedi- 
tion, 1955. The first interaction is of the type 2+15Z, and the second one 
16--115Z,, using the Bristol notation of jets (1). The values of Z, and Z,, were 
estimated from the è-ray density of tracks (?) as Z, 217 and Z,,& 12. The 
energy of the heavy primary was estimated from the angular distribution of 
secondary particles created assuming that the interaction of a heavy primary 
particle with a nucleus is a superposition of simultaneous nucleon-nucleon 
collisions in a common center-of-mass system (¢.m.s.). The value of y. cor- 
responding to this c.m.s. was estimated for both interactions using the method 
ot Castagnoli et al. (3) as 


(1) Vig = OT EEE 


(*) R. R. Danien, J. H. Davies, J. H. Mutvey and D. H. PERKINS: Phil. Mag., | 
43, 753 (1952). = | 
(?) A. D. Darnton, P. H. FowLER and D. W. Kent: Phil. Mag., 48, 729 (1952). | 


3 À YA am UNI SO MTNT x | 
(*) C. CASTAGNOLI, G. CORTINI, C. FRANZINETTI, A. MANFREDINI and A. MoRENO: | 
Nuovo Cimento, 10, 1539 (1953). 
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where y, , and y, ,, correspond to the first and second interaction, respectively 
(Table I). 


Varue I. — Interactions of the heavy primary particle. 
Interaction Vo 


(2+ 15) Z, 27 +7 
(16+115) Zi 10.3 +1.0 


The two values of y, are not significantly different and from their weighted 
mean the energy of the heavy primary particle can be estimated as about 
2:10 eV /nucleon (*). 

Two secondary interactions of charged shower particles generated in the 
second interaction of the heavy primary and a secondary interaction of a 
neutral particle were found. The values of y, of these interactions, estimated 
in the same way as those of the primary interactions, and the transverse mo- 
menta of generating particles are collected in Table II. The transverse mo- 
mentum of the neutral particle was calculated by assuming that it is a neutron 
generated in the second interaction of the heavy primary particle. 


TABLE II. — Secondary interactions. 
Interaction VI pi (GeV/c) 
(6+2) p | (&4) (&2.4) 

(14+1)p = Da 
(7+7)n 3.3 +1.2 0.264-0.10 


The differential angular distributions of shower particles generated in both 
interactions of the heavy primary particle are plotted in Fig. 1 and 2. The 
great number of shower particles generated in the second interaction (16-4+-115Z,,) 
makes possible to compare their angular distribution with that predicted by 
the hydrodynamical theory for nucleus-nucleus collisions (*) which is given in 
the form 


A 


À 
2 


(2) SCANIA G2exp (2 | di, 


(*) The same energy per nucleon would be obtained, if the interaction were assumed 
to be a central collision of two nuclei having equal masses. 
(4) G. A. MicegHin: Zurn. Eksp. Teor. Fiz., 35, 1135 (1958). 
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dN 
I dUn y, tg) 
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one track 
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Fig. 1. — Differential angular distribution of shower particles generated in the (2+15)Z, 
interaction. 


where c is the constant of normalization, 


(3) 4=—In(y, tg #), 
D] 
(4) L= 0.56 In 2° + 1.6 (1 + In), 
d N 
| d(iny.tg®) 
1.0! 
Ss 
one track 


L= 2.49 


"TI T T T T eI D 
-5 -4 -3 -2 =] 0 1 2 3 4 Inytgd 
1 1 sil 1 L i I 1 L 1 1 il > 
0.01 0.05 0) 05 1 SSD 15 y.tgd 


Fig. 2. — Differential angular distribution of shower p 


i di articles generated in the (161 IZ: 
interaction. The smooth curve show 


8 the distribution predicted by the hydrodynamical 


theory (4 for a nucleus-nucleus collisi ce È 
y (*) for a nucleus-nucleus collision with vewl0, 194.6 and I’ 2.9 (see text). 
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and J is the length of the «tunnel» of the hit emulsion nucleus and Ul’ the 
length of the «tunnel» of the incident particle. Assuming / & 4.6 (average 
length of the tunnel of heavy emulsion nuclei (and l’ x 2.9) average length 
of the «tunnel» of a nucleus having charge Z & 12, there is no significant 
difference between the experimental and theoretical distributions. 


A 
en Fie. 
1-F 
2 
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10 
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+ 


10+ = T T = T T = T T » 
Ao; 10 sn 10 tgà 10° 


=) 


=a 
10+ 


Fig. 3. — Duller-Walker plot of the shower particles generated in the (2-+15)Z, inter- 
action. 


The Duller-Walker F/(1— F) plot () of the integral angular distributions 
(Fig. 3 and 4) as well as the differential angular distributions (Fig. 1 and 2) 


(5) N. M. Durcer and V. D. WALKER: Phys. Rev., 93, 215 (1954). 
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Fig. 4. — Duller-Walker plot of the shower particles generated in the (16+115)Zy 
interaction. 


do not show any pronounced double-maximum structure, as expected for the 


comparatively low y, value. 


* OK % 

The authors are indebted to Prof. L. JANossy for valuable discussions, to 
Prof. M. DAXYSZ who has kindly provided the emulsion plates for the present 
investigation, and to Dr. PERNEGR and Dr. SEDLAK for having sent us the 
data measured on the first interaction of the heavy primary in their plates 
im Prague. 


RIASSUNTO (*) 


Abbiamo analizzato in emulsione due sucessive interazioni di alta energia di una par- 
ticella pesante dei raggi cosmici primari. La distribuzione angolare differenziale delle 
particelle dello sciame non presenta aleuna significativa deviazione dalla distribuzione 
predetta dalla teoria idrodinamica (4). 


(*) Traduzione a cura della Redazione. 
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Dynamic Behaviour of Polymethyl Methacrylate 


between 60 and 300 °K. 


P. G. BORDONI 


Istituto di Fisica Matematica dell'Università - Pisa 


M. Nuovo and L. VERDINI 


Istituto Nazionale di Ultracustica - Roma 


(ricevuto il 30 Gennaio 1961) 


Summary. The resonant frequency and the coefficient of energy dissi- 
pation have been measured as a function of temperature in the interval 
(603 () °K for several specimens of polymethyl methacrylate of the 
plasticized and unplasticized type. The specimens have the shape of 
circular plates, and the measurements have been made for flexural 
vibrations in the frequency range (6--40) kHz, with a strain amplitude 
smaller than 10-7. A thermally activated relaxation effect gives rise 
to a peak in the dissipation temperature curve. For the above frequency 
range the temperature of the peak is about 110 °K. At the same tem- 
perature a slight inflexion is observed in the frequency-temperature curve 
in accordance with the theory of linear dynamic deformations. The 
relaxation effect, which is probably due to the rearrangement of side 
chains, is superposed to another cause of energy dissipation which cannot 
be explained by means of the above theory in its present state, as the 
corresponding dissipation coefficient increases not only with temperature 
but also with frequency. The frequeney-temperature curve exhibits a 
knee near 239 °K. This temperature is apparently independent of the 
vibration frequency, and the knee seems to be due to a second order 
transition. 


1. — Introduction. 


A large amount of experimental work concerning high polymers has been 
carried out during the last years by measuring the elastic coefficient and the 
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energy dissipation by means of vibration methods (+) (*). However the exper- 


(1) M. BACCAREDDA, P. G. BoRDONI, E. Burra and A. CHARLESBY: La Chimica 
e l'Industria, 28, 561 (1956). 


(2) L. VERDINI: Nuovo Cimento, 5, 648 (1957). 

@) M. BaccarEDDA and E. Burra: La Chimica e l'Industria, 40, 6 (1958). 

(4) M. BACCAREDDA, E. Burra and R. Caputo: La Chimica e l'Industria, 40, 356 (1958). 
(5) M. BaccarEDDA and E. Burra: La Chimica e VIndustria, 40, 732 (1958). 

(6) M. BaccAREDDA and E. Burra: La Chimica e V Industria, 40, 983 (1958). 

(7) E. Burra: Proprietà meccaniche dinamiche e punti di transizione dei politere- 


(8) E. Burra: Annali di Chimica, 48, 802 (1958). 

(9) M. BACCAREDDA and E. Burra: Journ. Pol. Sei., 31, 189 (1958). 

(19) G. Narra, M. BaccaREDDA and E. Burra: La Chimica el Industria, 41, 737 (1959). 

(1!) M. BaccarEDDA and E. Burra: Annali di Chimica, 49, 559 (1959). 

U2) M. BACCAREDDA, P. G. BorponI and E. Burra: Mechanical relaration in par- 
tially crystalline high polymers, in Proc. of the Third International Congress of Avousties, 
Stuttgart (September 1959), in press. 

(13) M. BaccaREDDA and E. Burra: Dynamic mechanical properties of polytrifluorochlo- 
roethylene, in Symposium über Makromolekule, Wiesbaden (October 1959), to be published. 

(14) I. G. MIKkHAILOW: Dokl. Akad. Nauk SSSR, 59, 1555 (1948). 

(5) D. S. Huenxes, W. L. PANDRom and R. L. Mims: Phys. Rev., 73, 1552 (1949): 
(16) G. G. Parrirt: Nature, 164, 489 (1949). 

(17) T. F. PROTZMANN: Journ. Appl. Phys., 20, 627 (1949). 

(18) E. Fuxapa: Journ. Phys. Soc. Japan, 6, 254 (1951); 9, 786 ( 
(19) N. F. OTPUSHOHENNIKOV: Zurn. Eksp. Teor. Fiz., 22, 436 (1952). 
(29) J. L. MEeLCHIOR and A. A. PETRAUSKAS: Ind. Eng. Chem., 44, 716 (1952). 
(21) K. ScaMmIEDER and K. Wozr: Kolloid Zeits., 127, 65 (1952); 34, 149 (1953), 
(22) S. IwAyaANAGI and T. HipesHima: Journ. Phys. Soc. Japan, 8, 365; 368 (1953). 
(23) K. Deursox, E. A. Horr and W. ReppisH: Journ. Pol. Sci., 13, 565 ( 

(24) S. V. SUBRAHMANYAM: Journ. Chem. Phys., 22, 1562 (1954). 

(25) Ir. J. HEWBOER, P. DEKKING and A. J. STAVERMAN: Proc. of the Second 
International Congress of Rheology (1953) (London, 1954), p. 123. 
(25) E. JENCKELS and K. H. MiLLERs: Zeits. Naturfor., 9a, 440 (1954). 
(27) M. KRISHNAMURTI and G. SIVARAMA SASTRI: Nature, 174, 132 (1954). 
(28) P. HartrIELD: Nature, 174, 1186 (1954); Journ. Chem. Phys., 22, 1133 (1954). 
(29) E. A. Horr, D.W. Ropinson and A.H. WILLBOURN : Journ. Pol. Sci., 18, 161 (1955). 
(39) N. F. OTPUSHCHENNIKOV: Zurn. Eksp. Teor. Fiz., 28, 371 (1955). 

(22) S. IwArvANAGI: Journ. Sci. Res. Inst. (Tokyo), 49, 13; 23 (1955). 

(°2) G. W. BECKER: Kolloid. Zeits., 140, 1 (1955). 

(°°) B. MaxweLL: Journ. Pol. Sci., 20, 551 (1956). 

(34) R. N. Work: Journ. Appl. Phys., 27, 69 (1956). 

(°°) Ir. J. Hersporr: Kolloid. Zeits., 148, 36 (1956). 

(°°) H. Tourn and K. Wozr: Kolloid. Zeits., 148, 16 (1956). 

(°7) J. D. FERRY and R. F. LANDEL: Kolloid. Zeits., 148, 1 (1956). 

(8) K. Yamamoto and Y. Wapa: Journ. Phys. Soc. Japan, 12, 374 (1957). 

(39) A. E. Woopwarp and J. A. SAvER: Adv. in Pol. Sci 1, 114 (1958). 

(4°) K. M. SINNoT: Journ. Pol. Sci., 35, 273 (1959). 

(*) Ir. J. HEIJBOER: Kolloid. Zeits., 171, 7 (1969). 

) The papers (!!3) deal with dynamic measurements of elastic coefficients and 
energy dissipation on polymers by means of the frequency modulation technique. The 
papers (44) refer on the dynamic behaviour of PMMA in general. 
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imental evidence which is presently available is still incomplete as in many 
cases these measurements were made for some special purpose, such as the 
determination of the second order transition points, and not with the aim of 
making a systematic investigation on the elastic and anelastie behaviour of poly- 
mers. For this reason the experimenters have generally neglected to measure 
at the same time both the parameters which characterize the dynamic behaviour 
(energy dissipation and one of the elastic coefficients) as functions of both the 
variables (temperature and frequency) upon which the dynamic behaviour 
depends. 

It may be added that usually no information is given on the strain ampli- 
tude at which the measurements were made. As a consequence it is impos- 
sible to separate the truly linear effects from the amplitude-dependent ones, 
and this confusion may be responsible for some of the contradictions which 
are found in the experimental results obtained by different investigators (*). 

The final purpose of dynamic investigations on polymers is that of giving 
a structural interpretation of the experimental data relating them to the mo- 
tions of the main- or of the side-chains. However these data do not lend them- 
selves directly to such an interpretation unless they are previously analyzed 
in the light of the theory of dynamic deformations, and unless some sort of 
stress-strain relationship is derived from the experimental curves which give 
the energy dissipation and the elastic coefficients as a function of frequency 
or as a function of temperature. The improper use of the theory and of some 
basic physical concepts, like those of transition and dispersion, has proved a 
source of confusion. For instance it has been suggested that the dissipa- 
tion maxima which occur at temperatures increasing with frequency are due 
to a transition. Now from the physical standpoint it is obvious that a 


(*) An instance of these contradictions is afforded by the relation between the 
vibration frequency and the temperature 7, of the so-called second order transition 
from the glassy to the rubber-like state, which is observed in the temperature interval 
between 55°C and 75°C. According to PROTZMANN (17) the temperature decreases 
with increasing frequency; MELCHIOR and PETRAUSKAS (2°) observed no such depend- 
ence; this result agrees with the dilatometric measurements of ROBINSON and BALDWIN 
(see paper (2°)) and with the dynamic measurements of SUBRAHMANYAM (#4) and with 
those of KRISHNAMURTI and Sastri (27). On the other hand DeurscH, Horr and 
ReDDISH (23) have found that the modulus-temperature curve is displaced towards 
the higher temperatures when the frequency increases. However these measurements 
were made with a quasi-static technique and the strain was probably much larger than 
in truly dynamic measurements. This could account for the different result, but the 
AA. clearly state that the measurements were made in the linear range. A faint 
frequency-dependence of 7 is shown by the three-dimensional diagrams of MAXWELL (**) 
Further information on this point may be found in the papers of VERDINI (?) and of 
Work (34). Some measurements of 7, for frequencies in the kilohertz range have 
also been made by BACCAREDDA and Burra (3%). 
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transition whose temperature depends upon frequency is meaningless if the 
frequency is that of the experiment, as this would imply that the transition 
is caused by the measurement itself. On the other hand, if the word is used 
with the meaning of «frequency of some kind of vibration », the idea of a 
transition temperature which depends upon frequency is not self-consistent, 
as a wide spectrum of vibration frequencies is always present in solids owing 
to the thermal agitation. In fact the observed dissipation peaks whose tem- 
perature depends upon frequency are due to thermally activated relaxation 
effects: the difference is not a simple matter of terminology, as these effects 
are not associated with a characteristic temperature, but with a characteristic 
time and with a characteristic activation energy. 

The concept of dispersion (3%%:4), that is of a frequency-dependence of the 
phase velocity of the elastic waves, has been employed in a less improper way 
in connection with the partial relaxation effects of the type considered by 
ZENER (#2) which are analogous to the dielectric relaxation investigated by 
DEBYE (4%). However the dispersion may be a very evident effect for electro- 
magnetic waves but the same is not true for the elastic vibrations. In the 
common case of thermally activated effects, when the elastic coefficients 
are measured as a function of temperature, the changes in velocity due to 
the dispersion are generally masked by the larger changes due to the thermal 
dilatation and may be detected with some difficulty. Moreover the dispersion 
of elastic waves is not typical of the partial relaxation effects being also present, 
and much more evident, in the case of a total relaxation which corresponds 
to a different physical process. Hence it is more convenient to focus the atten- 
tion not on the dispersion but on the energy dissipation. When this is done, 
no confusion is possible: the dissipation peaks characterize the partial or 
Zener relaxation, whilst a gradual increase of the dissipation with the temper- 
ature or with the vibration period is typical of a total relaxation process. 

The above remarks have directed the present investigation which concerns 
the dynamic behaviour of polymethyl methacrylate in the temperature interval 
between 60 °K and 300 °K. The elastic coefficient associated with the 
flexural vibrations of plates, which is very near to the Young’s modulus, 
and the corresponding energy dissipation have been measured at different 
frequencies in the range between 6 and 40 kHz, with strain amplitudes smaller 
than 1077. No amplitude-dependence of the parameters measured has been 
observed. 

The linear theory of dynamic deformations has been employed to analyse 
the experimental data. In its present state this theory considers two types 


(42) C. ZENER: Elasticily and Anelasticity of Metals (Chicago, 1948), PRA 


(4) For the dielectric relaxation see for instance C. KirtEL: Solid State Physics 
(New York, 1953), p. 107, or paper (23) 
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of effects: partial relaxation and total relaxation (*); each type may be asso- 
ciated either with a single characteristic time or with a time-spectrum (42:44). 

No partial relaxation with a single time has been observed as it could 
be expected, this type of effect being associated with atomic processes, such 
as the motion of interstitials in a regular lattice. The only partial relaxation 
peak which has been found, at temperatures somewhat above 100 °K, is 
associated with a wide spectrum. The analogy with the results obtained by 
other experimenters on different polymers of the same series (294°) and the 
values of the main parameters of the effect (activation energy, characteristic 
time, spectrum width, total relaxation strength) indicate that it is probably 
due to some motion of the lateral chains. A large background dissipation, due 
to different causes, masks in part the relaxation peak. This is probably the 
reason why the effect has not been observed until now. 

The background dissipation increases with the temperature according to 
an exponential law: this would indicate the presence of a thermally activated 
total relaxation with a single characteristic time or with a very narrow spec- 
trum (44). However the frequency dependence of this part of the dissipation 
is not that predicted by theory for total relaxation, and a more satisfactory 
mathematical analysis of the experimental results is needed before any struc- 
tural interpretation is proposed. 

A knee has been observed in the modulus- or frequency-temperature 
curves at about 230°K. This knee is similar to the other one corresponding 
to the transition from the glassy to the rubber-like state at higher tempera- 
tures (2:3:17:20,23,24,27,34) No frequency-dependence of the temperature of the 
knee has been noticed in the whole frequency range investigated. This would 
indicate the existence of a second order transition, which cannot be explained 
by means of an operational stress-strain relation, but is due to an instability 
effect produced by an increase of temperature, according to the qualitative 
explanations which have been suggested for similar transitions (?). 


2. — Experimental technique. 


The apparatus which was originally designed by one of us (*) to make 
dynamic measurements on metals in a wide range of temperatures and fre- 


(*) It may be shown that no other physically significant types of relaxation effects 
exist when the differential operator which gives the simboli stress-strain relation- 
ship is the ratio of two polynomes of the first order. 

(44) P. G. Borpont: Suppl. Nuovo Cimento, 7, 144 (1950); Colloque International 
sur les Ultrasons dans les Gaz et les Liquides, publié par la Koninklijke Vlaamse Akademie 
voor Wetenschappen, Letteren en Schone Kunsten van Belgié, Bruxelles (Juni 1951), 
p. 164. 

(45) P. G. BorponI: Nuovo Cimento, 4, 177 (1947); Ric. Scient., 18, 103 (1948). 
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quencies, and which has been successively improved (44°), has also been found 
useful in investigating the mechanical behaviour of polymers. 

The operation is based on the measurement of the resonant frequencies 
and of the coefficient of energy dissipation Q-! for a vibrating specimen of 
the polymer. The driving force is supplied by the electrostatic attraction 
between the specimen and a small electrode parallel to the vibrating surface 
and very near to it. The same electrode, connected to a high frequency res- 
onant circuit, is employed to measure the amplitude of the vibrations. A 
detailed description of the vibration detector and of the subsidiary electrical 
equipment has been given in previous papers (***). The surface of the polymer 
is made electrically conducting by a metal coating; a thin and uniform me- 
tallic layer (thickness ~ 1.5-10-? mm) is obtained for instance by spraying 
the «Silver Print» no. 21-2 of the General Cement Mfg. Co. 

A technique of this type has been employed by BACCAREDDA and co- 
workers (113) for the measurement of the elastic coefficients and of the energy 
dissipation in connection with the second order transition points and with the 
radiation damage in a large number of high polymers. In these investigations 
the specimens had the shape of cylindrical rods vibrating on their lowest exten- 
sional modes. During the measurement the rods were directly supported by 
the electrode itself, being insulated from it by a thin sheet of mica or cello- 
phane, and the surrounding gas was at atmospheric pressure. As it has been 
shown (4°) the additional dissipation due to the mechanical contact between 
the specimen and the electrode is small, whilst the influence of the surrounding 
air is somewhat larger (*). The total additional dissipation for a polymer rod 
vibrating with a frequency of the order of 10 kHz may correspond to a Q7 
of the order of 10-*--10-4. In many cases the internal energy dissipation of 
polymers is much larger than this value, and the additional dissipation due 
to the contact with the electrode and to the surrounding air may be neglected. 

This is not the case with the present measurements, as the value of Q-! 
due to the internal dissipation in PMMA is smaller than 10-% at the lowest 
temperatures which have been attained. The measurements have been made 
in an evacuated container, in which the pressure of the gas was of the order 
of a few microns Hg, and therefore the influence of the gas was negligible. 

The specimens employed have the shape of circular plates vibrating on 
their lowest flexural symmetrical modes, with nodal circles and no nodal dia- 


46 


P. G. BorponI and M. Nuovo: Acustica, 4, 184 (1954); Ric. Scient., 24, 569 (1954). 
P. G. Borponi and M. Nuovo: Acustica, 7, 1 (1957); Ric. Scient., 27, 695 (1958) 
D RDC : 

P. G. BorponI, M. Nuovo and L. VERDINI: Nuovo Cimento, 14, 273 (1959). 


M. Nuovo: Mesures dynamiques de constantes élastiques et anélastiques, in 
Nuovo Cimento (to be published) 


(9) 
(37) 
(9) 
(49) 


(*) For a metal rod the total additional dissipation corresponds to Q-1 ~ 20 - 10-5 
at 760 mm Hg, and =2-10-5 at 10-1 mm Hg, if the frequency of vibration is >10 kHz. 
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meters. One of the main advantages of plates over specimens with other shapes 
is the larger vibration amplitude which is obtained for a given frequency and 
a given vibromotive force (48). It may be added that 


it is quite easy to support a circular plate without 
perturbing its vibrations by means of three pins n a Pp 
located in small holes on a nodal circle (48) as it is aes / 


shown in Fig. 1. Two of these pins are made out of Marles 
VEEL ITA ti 7 


copper and constantan wires and are employed as a 
thermocouple to measure the temperature of the plate; E 
the experiment shows that the measurements made hy 
with this kind of «broken» thermocouple give the Mido 
actual temperature of the plate within + 0.2 °K, being 

not appreciably affected by the rate of temperature 
changes, or by the nature of the metal coating (8). 

Another advantage of the use of vibrating plates Fig. 1. — Vibrating plate 
is that it is easy to keep them parallel to an electrode  P, supported by the three 
which does not touch the specimen (Fig. 1) even when pins N; 0, nodal circle; 
the temperature is varied in a wide range and the E, electrode. 
supporting device is exposed to accidental vibrations. 

The rate of the temperature changes of the specimen is easily controlled 
by varying the pressure inside the container. During the cooling or heating 
process, the exchange gas filling the container (helium or nitrogen) is kept at 
a pressure of about 1 mm Hg in order to increase the heat exchanges with 
the plate. The pressure is reduced to about 107% mm Hg during the meas- 
urements, not only to reduce the additional dissipation, as it has been already 
explained, but also to reduce the heat exchanges and to make the temperature 
variations of the specimen very slow in comparison with the time required 
by the measure of the resonant frequency and of the energy dissipation. In 
this way a whole run from room temperature down to the boiling point of 
nitrogen (77 °K) does not require more than five hours. A slow refrigeration 
of the specimen and of its container is obtained by adding small amounts of 
liquid nitrogen into the cylindrical Dewar flask at regular time intervals, and 
keeping a temperature difference of about 20 °K between the plate and the 
container. Measurements are also made while the plate is heating up; to 
this purpose an electrical heater is applied to the metal container. 

Temperatures below 77 °K are reached by pumping the liquid nitrogen 
contained in the Dewar flask by means of a high speed rotary pump. 

The resonant frequency is measured by means of a quartz-controlled elec- 
tronic counter (Hewlett Packard, type 521 CR). The accuracy of the meas- 
urement is generally limited by the sharpness of the mechanical resonance of 
the specimen, being not better than the larger of the following values: a few 
units 10-!-@-! or a few units 10. 
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The coefficient of energy dissipation Q-1 is directly measured from the width 
of the resonance curve. In this case the accuracy is limited by the measure- 
ment of the maximum amplitude at the resonance and of the two side meas- 
urements at 1/V2 of the maximum amplitude. The average error affecting 
Q is of the order of 10-? of its value. 


3. — Experimental results. 


The circular plates have been machined out from sheets of « Perspex » pro- 
duced by the Imperial Chemical Industries, both of the plasticized and unplasti- 


TABLE I. — Characteristics of the specimens. 


| 
Size No. of Frequency 


. 4 | = 
Specimen Mechanical and thermal Le nodal. at 293 °K | te 
treatments diameter | thickness circles) (kHz) | a 
(mm) | (mm) 
| 
(a) Machined from a sheet of 1 11.04 2100-10-35 
the same thickness 36.0 | 4.C1 | = 
î (b) Silver coated 2 | 39.22 | 2300 
à (c) Reduced in diameter x a SET 
a ne 
à 


(a) Machined from a sheet of 
2 the same thickness 25.00 106 1 7.250 | 2630 
(b) Silver coated 


(a) Machined from a sheet of 
the same thickness 1 5.900 2 660 
(b) Silver coated 


A Eee AR eu den 86.0 182.00: JE — 
(c) Heated at 50°C for 4h, 
a in vacuum i ol ise 
È (a) Machined from a sheet of 
E 4 the same thickness 25.0 | 0.91 1 5.539 2 680 
= (b) Silver coated 
D | = = —» E ze 
(a) Machined from a sheet of 
the same thickness | 
5 (6) Permanently strained in 


a hydraulic press 24.9 | 0.91 1 5.950 2680 
(c) Reduced in diameter 
(d) Silver coated 
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cized type, without changing the original thickness of the sheets. The charac- 
teristics of the specimens are listed in Table I, together with the thermal and 
mechanical treatments undergone by the material. In the same Table are 
also given the values of the resonant frequencies and the corresponding dissi- 
pation coefficients measured at room temperature. 

The resonant frequencies and the dissipation coefficients have been meas- 
ured in the temperature range between 60 °K and 300 °K. A typical dis- 
sipation-temperature curve (Fig. 2, specimen no. 1 (b), lowest mode) shows 


3000-10 ° : 

| Specimen 

1(b) 
2500) 1 

Al 
a 
2000} + 
1500 
1000 + 
500 = 
0 L = 1 
0 50 100 150 200 250 300 


Temperature (°K) 


Fig. 2. — Dissipation-temperature curve for the specimen no. 1 after the treatment (b) 
(see Table I); fundamental vibration mode with one nodal circle; resonant frequency 
at the temperature of the peak: 12.88 kHz. 


a gradual increase of the dissipation coefficient with temperature in addition 
to a small peak at a temperature of about 110 °K. When the vibration fre- 
quency of the same specimen is increased by repeating the measurements on 
the second vibration mode, the general behaviour of the dissipation-temper- 
ature curve is essentially unchanged, but the temperature of the superposed 
peak is higher (Fig. 3). If the values of Q-1 are plotted in a logarithmic scale 
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against 7-1, one finds that the gradual increase of dissipation in the high tem- 
perature range (200 ° +300 °K) follows an exponential law of the type 


= H 
(1) QT) = Qo? exp | ae 
700-10° - T x 1 
600 | 
500 | 
| = 
a 
400 
300} aii a, î 
12.88 kHz | 
I | 
/ 
200+ | + ee = 
; | 
/ 
ÿ 
/ | 
100] 1 “DE + 9072 eV 
ps d'(T)-036 exp|- 2922 £¥) 
/ 
a 
BAe 
ol —= 
0 50 100 150 200 250 


Temperature (°K) 


Fig. 3. — Solid lines: frequency-dependence of the temperature of the dissipation peak 

for the specimen no. 1 after the treatment (b) (see Table I); dotted line: extrapolated 

values of the exponential part of the dissipation curve. The resonant frequencies cor- 
respond to the temperature of the peak. 


where 7! is the limiting value of the dissipation coefficient for very high tem- 
peratures; H is the activation energy of the process which gives rise to this part 
of the energy dissipation; k is the Boltzmann’s constant (8.617-10-5 eV °K-1) 
and 7 is the absolute temperature. In the case of Fig. 3 the same value of 
the activation energy H= 0.072 eV (1660 cal mole!) is found for the high tem- 
perature part of the two experimental curves. 
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The dissipation peak may be separated from the exponential part of the 
curve by subtracting from the experimental data the values computed by 
means of eq. (1), and taking for H and Q,* the values given in Table II. 


Taste II. — Fundamental parameters of the exponential part of the dissipation-lem- 
perature curve. 

DI Frequency H | DE, | 
Specimen ; a 2 at 293 °K | ES ; he È | 
reatment (kHz) (eV) at 200 °K | 

3 (b) 5.900 | 0.070 34-102 575-105 

2 (b) 7.250 0.076 51 625 

(b) 11.04 0.072 36 550 | 
1 (d) 21.18 0.075 40 520 | 
(b) 39.22 0.672 40 610 | 


When this is done (Fig. 4) the frequency dependence of the temperature 7, 
of the peak is quite evident. The same diagram shows the dissipation peak 


500-10° 


o DI — [aso2 el | 
al fi x x 
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NN 6 KHz 


1288 kHz 


8352 kHz 


200! È 
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Temperature (°K) 


Fig. 4. — Dissipation peak for the specimens no. 1 after the treatments (6, and (d), 
and no. 2 after the treatment (0) (see Table I); the resonant frequencies correspond 
to the temperature of the peak. 
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which has been measured in specimen no. 1 after à reduction of its diameter 
from 36 mm to 25 mm (Table 1). 

The same results have been obtained for the plate no. 2 which is made 
out from a plasticized material, like plate no. 1 (Fig. 4 triangles, and Fig. 5). 
The value of the activation energy (H = 0.076 eV) is very near to the value 
found for the specimen no. 1, and the same happens with the limiting value 
of the dissipation coefficient (Table II). 


700 10° ° 
600 "i 
a! 
500 i 4 
400 5j | 
300 
200} + | 
Specimen 
2(b) 
100 Je | | 
0 L IL 
0 50 100 150 200 250 


Temperature (°K) 


Fic. 5. — Diasinati l | di : 
g. 5 Dissipation-temperature curve for the specimen no. 2 after the treatment (b) 
(see Table I); fundamental vibration mode with one nodal circle; resonant frequency 
at the temperature of the peak: 8.352 kHz. | 


The height of the low temperature peak and its temperature 7, are both 
lower than the values found for plate no. 1 (Fig. 4). This agrees with the fact 
that the fundamental frequency of the specimen no. 2 is lower than the cor- 
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responding frequency of the latter, and Fig. 4 shows that both the height of 
the peak and the temperature 7,, increase with frequency. 

In the unplasticized material (specimens no. 3, 4 and 5) the peak is less 
evident, being reduced to a small «bump » (Fig. 6), while the exponential 
part of the dissipation is essentially unchanged (Table II). 


3000-10 ° 


Specimen 
5(d) 


2000 = 


1500 


1000 


500 


0 50 S100) soi 200 250 300 


Temperature (°K) 


Fig. 6. — Dissipation-temperature curve for the specimen no. 5 after the treatment (d) 
{see Table I); fundamental vibration mode with one nodal circle; resonant frequeney 
at the temperature of the peak: 6.985 kHz. 


The influence of thermal and mechanical treatments upon the low tem- 
perature peak has been investigated in plate no. 3 which was kept for 4 hours, 
at 50 °C in an evacuated container, and on plate no. 5 which has been com- 
pressed until its diameter has been permanently increased of about 6%. Both 
treatments have produced no appreciable change in the dissipation-temper- 
ature curve. 

The most evident feature of the frequency-temperature curves is the change 
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of the slope which is observed at about 230 °K (Fig. 7, 8) and which looks like 
the second-order transition found at about 335 °K (217202242754). 


14.00 i I 
Specimen 
1(b) 
13.50 - + + + 1 I 
13.00 
DS 
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(= 
Qa 
12.50+ > 
lem 
® 
LS 
kHz | ‘+ 
12.00} 
11.50} 
11. OOF 
a AE 100 150 200 250 300 
Temperature (°K) 
Fig. 7. — Frequency-temperature curve for the specimen no. 1 after the treatment (d) 


(see Table I); fundamental vibration mode with one nodal circle. The enlarged part 
of the diagram shows the inflexion corresponding to the dissipation peak of Fig. 2, 
3 and 4. 


In the temperature interval in which the low temperature dissipation peak 
is observed, an inflexion is superposed to the gradual variation of the frequency 
with temperature, as it is clearly shown by the enlarged part of the diagram 
in Fig. 7. This inflexion is hardly noticeable for the plates which have a small 
dissipation peak (specimens no. 3, 4 and 5, see for instance Fig. 8) whilst the 
change of slope at 230 °K has about the same value in all the experimental 
curves and does not seem to be affected by the frequency of measurement. 
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Fig. 8. — Frequency-temperature curve for the specimen no. 5 after the treatment (d) 
(see Table I); fundamental vibration mode with one nodal circle. A slight inflexion 
is shown in the enlarged part of the diagram. 


4. — Discussion. 


41. Exponential increase of energy dissipation with temperature. — The ex- 
ponential increase of the dissipation coefficient Q-! with 7 could be ascribed 
to a thermally activated total relaxation effect, of the type which has been 
illustrated in a previous paper (4). As it has been shown, the relation be- 
tween the stress o(t) and the strain e(t) for an effect of this type is given by 


Tp 


Por, D ’ 


(2) o(t) = M 


where M, is the unrelared modulus; t a characteristic time and p is the 
symbol of partial derivation with respect to time, p= 0/0. 
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When the stress and the strain are both sinusoidal functions of time, that is 
(3) o(t) = Lexp[jot];  e(t) = Hexp [jot], 
the complex ratio between the amplitudes of stress and strain is given by 


(DATE or. OT 
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(4) 


The dissipation coefficient is given with a good approximation by the ratio 
of the coefficients of the imaginary and of the real part of M in eq. (4) 


à CAMILA 
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If the characteristic time 7 is related to the temperature by an Arrhenius 
equation 
4 H 
(6) T= exp ||» 
where 7, is the limiting value of the characteristic time for very high tempera- 


tures and H is the activation energy, the temperature dependence of QT is 
represented by 


A 
D 
—= 
e 
I 
a 
© 
A 
rs 
eo 


in complete agreement with the experimental results, provided the values given 
in Table II for H and Q,* are substituted in (7) to the activation energy and 
to the product (w7t,)-! respectively. 

The eq. (5) and (7) show that for measurements made at a constant tem- 
perature the dissipation coefficient must be inversely proportional to the vibra- 
tion frequency, and that the same must happen to the limiting value Q7!. 
The inspection of Table IT shows that this is not the case; a set of comparable 
measurements, like those made at different frequencies on the plate no. 1 after 
the treatment (b) and (d), exhibit a slight inerease of Q)' with the frequency, 
instead of a linear decrease. The disagreement between the experiment and 
the theory of total relaxation cannot be eliminated by assuming that the causes 
of energy dissipation interact between them. As it has been shown (*) in this 
case the relation between Q>* and 1/wt is not linear. However in the pres- 


(*) C. CRUSSARD: private communication. 
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ent case a negative exponent would be required for 1/mt to account for the 
observed dependence of Q;' upon the frequency, and this would correspond 
to a negative activation energy, which seems to be devoid of physical sig- 
nificance. 

In previous measurements made by PARFITT (1°) on polymethyl metha- 
crylate of the unplasticized type, prepared like the present specimens by the 
Imperial Chemical Industries, a slight decrease of the room temperature dissi- 
pation was found when the frequency was increased. The exponent of 1/©T 
in this case would be positive and about 0.14. It must however be observed 
that the comparison of the dissipation values measured at different fre- 
quencies at room temperature is not very significant, as above the room 
temperature a peak is observed in the dissipation curve between 290 °K and 
370 °K (?:23:29,33:35,39), The dissipation at room temperature is then due to the 
sum of the «exponential » part and of the dissipation associated with the max- 
imum, and its variations with frequency are rather intricate. 

A comparison between dissipation measurements made at frequencies be- 
tween 0.66 and 10 MHz at room temperature has been made by OTPUSHCHEN- 
NIKOV (%), which found that Q-1 at room temperature is proportional to Vw. 
A similar increase of dissipation with frequency has been found in the same 
frequency range by MELCHIOR and PETRAUSKAS (2°). However, this increase 
may be due in part to a diffraction effect, owing to the short wave lengths 
employed in these measurements. 

It may be concluded that the present experimental evidence is not suffi- 
cient to individuate the law which relates the exponential part of the dissi- 
pation to the frequency of measurements. In any case this law is certainly 
not a linear relation between Q,* and 1/7 as required by the eq. (5) and (7). 
There is also some evidence that the exponent of 1/m must be negative. In 
this case the theory of relaxation must be discarded, as it requires that Q)* 
depends in the same way upon and 7, and this would give rise to a negative 
activation energy in the case considered. 

When Q,"* increases slightly with frequency, as in the present measurements, 
(Table II) while the temperature dependence of the same parameter is given 
by eq. (1), this means that the temperature is effective in controlling not a 
characteristic time of the effect, but the total amount of the anelastic strain. 
If we assume that this strain is associated with the increase of free space 
between molecules (5) and with the motion of the side chains, each elementary 
process associated with a given side chain in a given environment may be 
pictured as a sudden release of the chain itself, taking place at a temperature 
which depends essentially on the environment conditions. The time required 
by the motion of the chain can be considered as almost independent of temper- 
ature owing to the character of the process; hence the dissipation coefficient 
is almost independent of frequency at a fixed temperature. The probability 
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of finding a released or active side chain increases exponentially in a given 
temperature interval, and this corresponds to a temperature dependence of 
the dissipation coefficient of the type of eq. (1). 


42. Relaxation effect at low temperature. — The most important experimental | 
result is the existence of a dissipation peak and of a corresponding inflexion 
in the frequency-temperature curve. Their simultaneous presence is character- 
istic of a thermally activated partial relaxation effect of the Zener type (4:44) 
associated with the following stress-strain relation 


i, 
(8) SM e 
14 Tp 


e(t) , 


where M, is the relaxed modulus; t,, t, are two characteristic times and | 
p= 0)0t. 

When stress and strain are both sinusoidal functions of time of the type 
described by eq. (3), the complex ratio between the amplitudes of stress and 
strain is given by | 


14+ jot, 
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The dissipation coefficient is obtained with a good approximation as in 
the case of a total relaxation considered above, by computing the ratio of the 
coefficients of the imaginary and of the real part of M in eq. (9) 
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where 7, M, AM and the relaxation strenght or modulus defect S are related 
to the parameters M,, t,, t, of eq. (8) and (9) by the following equations 


M = VM,M,, 5 
M,= M; = 


(11) AM = M,— Me € 
N _ AM T = Via Te » 
M 


When the characteristic time depends upon the temperature according to 


an Arrhenius equation of the type (6), the relation between Q-1 and T be- 
comes 


(12) Q(T) =Q,7 sech [Wk UT = Ty] , 
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where the activation energy has been denoted by W to avoid any confusion 
with the analogous quantity denoted by H and considered in the previous 
discussion on the exponential increase of the dissipation with temperature. 


Eq. (12) shows the existence of a 
peak in the dissipation-temperature 
curve. in agreement with the experimen- 
tal results. The temperature T,, of the 
peak is obtained from the condition 
mt =1 which corresponds to the max- 
imum dissipation according to eq. (10). 
Making use of the Arrhenius equation 
and of this condition, the value of 7, 
is given by 


k = 
es ieee in Crinto) è 


as in every case it is: 2rrfnto <l. Ac- 
cording to (13) the temperature of the 
peak increases with the logarithm of the 
vibration frequency. When the exper- 
imental values of klnf, are plotted 
against 7 the experimental points fall 
on a straight line (Fig. 9) whose slope 
gives the activation energy W, while 
the limiting value of the characteristic 


time 7 may be computed from the intercept of the same line with the fre- 


quency axis. 
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In fm ( eV-degree |) 


k 


0.80} 


0.75 
0.85 


Fig. 9. — Relation between the frequency 


(0) 


0875 0900 
TER) 


0925-10 ? 


f, and the temperature 7,, of the dissi- 
pation peak for the specimens no. 1 


after the treatments (b) and (d), 


no. 2 after the treatment (b) (see Tables I 


and IIT). 


and 


TABLE III. — Frequency, temperature and height of the dissipation peak. 
| fe He Ib Tie | que | ee ce. 
Specimen | (Hz) (eV-°K-) | (°K) | (°K-1) Dia) 
| 
| 2 (b) | SLI |) Wor TOO | 108.7 | 0918-1072 2A 
| 1 (6) DI 12.88 ; | 0.8155 | 110.5 ae 0.905 Y 350 TE 
| = = = 
id) | 24.56 | 0.8710 113.0 | 0.885 363 
I (b) 45.92 | 0.9248 115.5 0.865 420 


(*) The values of Dee have been computed subtracting from the experimental data the 


| exponential part of the dissipation curve. 


44 - Il Nuovo Cimento. 
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: bey! be mode es i 
The values of f,, 7, and the corresponding dissipation Q,, are listed in 


Table III. The values of the activation energy and of the limiting time com- 


puted from Fig. 9 are 


W = (0.273 + 0.004) eV, 


(14) | 
To 43-10-28 | 


It may be observed that the value of 7, is smaller than the period of the 
highest mechanical vibrations which can propagate through a lattice, according 
to the Brillouin theory (°°). The difficulty is only apparent as it must be 

remembered that 7, is a limit in the 
LOT TERE mathematical sense of the charac- 
i teristic time for very high temper- 
08 dei | i atures. When the value of ©, is | 
} ; i 
I 
I 
I 
I 
] 
| 


6 computed for the highest tempera- 
o 4 tures that the PMMA can stand with- 


xe 


out changing its structure, the values 
found are of the order of 107 s, 


| 

1 

| 

| 

! 

. . . 
which are consistent with the present 
| 

| 

i 


Se 
\ 
\ 
\ 
ano 
\ 
\ 
06+—} 1 
| 
\ 


Sa | 


\ 
| 
04 Lt RE 
i \ theories for the vibrations of solids. 
| | As it has been shown else- 


DAS ry \ where (5) when the experimental 


1 \ | values of the ratio Q !/Q7 are plot- 
| ted against the universal variable 


0 Sr 
TA CL e485 310 W-k*(T*—T), the experimental 
Wk {Tm-T) points (*) must fall on the same | 


Fig. 10. - Normalized values Q 1/07) of the Curve, which does not depend upon 
dissipation coefficient as a function of the the frequency of the measurements 
univ: rsal variable PK (T5 — T1); ©, spe- and whose equation is given by (12). 
i ele À (5), 12.88 kHz; o, specimen When this is done (Fig. 10) the 
no. | (d), 24.56 kHz; x, specimen no. 1 (b), 
45.92 kHz;'A, specimen no. 2 (b), 8.352 kHz: 
dotted line, Zener’s dissipation curve for 

a single relaxation time. This result shows that the relaxation 


experimental curves are much broad- 
er than the theoretical curve (12). 


£0 > TIN © 7 1p n ; Ni Mi ti | 
(9) L. BRILLOUIN: Wave Propagation in Periodie Structures (New York, 1946). | 
51 > ga! mm n 5 o i 
(°°) P. G. BorDONI: Theory of relaxation effects with a continuous spectrum, in Proc. | 
ed Ae See ae D . x 
of the Third International Congress of Acoustics (Stuttgart, Sept. 1959; in press); Sur le 
caleul des spectres des effects de relaxation activés thermiquement, in Colloque sur le jrot-| 
tement wnteriewr (Saint Germain en Lave, Oct. 1960) | 
(") Of course in this case the v: sof QO; RUES i | 
doen a SEAN i vale: of Q and n are those related to the effect; | 
se a omputed subtrac ing the exponential part of the dissipation from the) 
measured values, as it is done in Fig. 4 and in Table III | 
| 
il 
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effect is not associated with a single characteristic time as it is assumed in 
the simple Zener theory outlined above, but with a whole spectrum of 
characteristic times. The value (14) computed above for 7, is the center of 
the spectrum (8:51), 

As it has been shown (51), no detailed information about the spectrum can 
be derived from attenuation measurements, owing to their limited resolving 
power with respect to the spectral lines. The attempts which have been made 
to compute the relaxation spectrum of polyisobutilene (25%) don’t rest on a safe 
mathematical basis, as the same computation method applied to the Zener’s 
curve (12) gives a relaxation spectrum with negative components instead of 
a single relaxation time. Moreover the absolute value of these components in- 
creases with increasing approximation. However some information about the 
width of the spectrum can be obtained by making use of the Fuoss-Kirkwood 
theory (#51). According to this theory the single characteristic time 7 is sub- 
stituted by a continuous distribution of relaxation times, whose density with 
respect to Int is given by a symmetrical bell-shaped curve. The corre- 
sponding dissipation-temperature curve is given by 


(15) QT) = Q," sech WENT, 7]. 


Eq. (15) differs from the Zener eq. (12) owing to the factor y which mul- 
tiplies the independent variable and characterizes the width of the spectrum. 
For y=1 the spectrum reduces to a single relaxation time (eq. (12)); for 
y= 0 a white-noise spectrum is obtained. The width of the spectrum may 
be evaluated, as it is done in the theory of elecrical filters, by considering the 
ratio of the times 7, and t, which correspond to a density of 1/v2 times the 
maximum density. 

The values of the parameter y obtained from the experimental data and the 
corresponding logarithmic spectrum width In7,/7, are listed in Table IV. 


TaBLe IV. — Logarithmic spectrum width according to the Fuoss- Kirkwood approximation. 


Specimen | tm (KHz) | y Tata) Wu | 


2 (b) 8.352 0.113 15.36 47.0 : 105 
1 (b) 12.88 0.117 14.30 16.3 
1 (d) 24.56 0.120 | 14.26 15.7 

| 1 (b) 45.92 0.126 13.54 7.6 


(52) C. Rosier and W. A. Twyman: Proc. Phys. Soc., 68, 97 (1955). 
(33) F. ScawarzL: Kolloid. Zeits., 148, 47 (1956). 
(54) R. M. Fuoss and J. G. Kirkwoop: Journ. Chem. Phys., 63, 385 (1941). 
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Thé existence of the low-temperature relaxation effect in PMMA was not 
noticed in the measurements made by BACCAREDDA et al. as the temperatures 
were not low enough (13%); the same happens with the work of HEJBOER (35:41). 
In a series of measurements made on different polymers of the methacrylic 
and cloroacrylic series Horr et al. (2°) found a relaxation effect in the terms 
of the series having long and flexible side chains, like the n-propyl, n-butyl 
and sec-butyl ester polymers, of both series. For a vibration frequency of 
about 500 Hz the temperature of the peaks is near 120 °K and their activ- 
ation energies are between 0.15 and 0.25eV. From their experimental 
results the authors concluded that no process of this type is apparent in the 
methyl ester polymers. The process was pictured as a molecular rearrangement 
in a limited length of the side chains. This hypothesis is consistent with the 
low energy of activation and with the absence of a process of the same order 
of magnitude in either the methyl or the ethyl esters. 

It must be observed that the peaks found by the previous authors are very 
high, the value of Q>* being about 6-10-?, that is more than ten times larger 
than the peaks of Fig. 4. 

In a later experimental work SINNOT (#°) found a relaxation peak in poly- 
ethyl methacrylate, at a temperature of about 40 °K for a vibration fre- 
quency of 8 Hz. The activation energy was not measured; the height of the 
peak is of the order of 1000-10- that is much higher than the peaks of 
Fig. 4. In polymethyl methacrylate for the same vibration frequency no peak 
was found in the whole temperature range between 4.2 and 100°K. The 
peak in the ethyl ester polymer was ascribed to a rearrangement of the side 
chains, and its absence in the PMMA was explained either by the smallness 
of the effect, or by a very low value of the temperature of the maximum, 
which according to the author could fall below 4.2 °K. 

The extrapolation of the present measurements shows that the first expla- 
nation is probably correct. From the value of 7, and W, the temperature 7,, 
for a vibration frequency of 8 Hz is about 88 °K, that is well within the 
range of Sinnot’s measurements. However Fig. 4 shows that the height of 
the peak decreases with the temperature of the maximum, that is with the 
vibration frequency. When the logarithm of Q,, is plotted against T°? the 
experimental values fall on a straight line (Fig. 11). The value of Q,, com- 
puted according to this graph for the temperature of 88 °K corresponding to 
the vibration frequency of 8 Hz, is smaller than the dissipation coefficient 
measured at this temperature by SINNOT, which is about 160-105. This may 
explain why the peak has not been observed by this author. 

The above remarks show that the low temperature peak found in PMMA 
may be due to a rearrangement of the side chains notwithstanding their 
limited lenght. This assumption is supported by the agreement between the 
values of the activation energies and of the limiting times of the peak with 
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those observed by Horr et al. (*). The smallness of Q7 for PMMA in com- 
parison with the peaks of n-propyl and n-butyl ester polymers is consistent 
with the fact that the rearrangement of a short chain gives rise to little addi- 


1000-10 P + 
900 
800 
700 
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500 


400 


300) 


200) 


100 a 5 à 4 
086 090 094 MEO ie 106 110  114:10 
ogg i 
FAURE) 
Fig. 11. - Dependence of the height of the dissipation peak upon the value of 77; 


specimens no. | after the treatments (b) and (d), and no. 2 after the treatment (b) 
(see Table I and Fig. 4). 


tional space available to neighbouring chains. On the other hand it must be 
remembered that the peak is much higher in the plasticized (Fig. 2, 5) than 
in the unplasticized material (Fig. 6). Hence a more or less direct influence 
of the plasticizer must be taken into account in the structural model for the 
relaxation effect (*). 

It must be observed that the presence of a peak in the dissipation-temper- 
ature curve does not correspond to a transition in the polymer as it has been 
Suggested (2%:2:35:%), It is clear from the eq. (10), (12) and (13) that the tem- 
perature 7,, of the peak has not an intrinsic meaning as it is the case with a 
transition temperature, but depends upon the frequency of measurement. 


(*) In a more recent paper SINNOT (Journ. Pol. Sci., 42, 3 (1960)) announces that, 
in some measurements to be published, a loss peak has been found in PMMA at 100 °K 
for a vibration frequency of about 1 Hz. This peak has been attributed to the motion 
of the main chain methyl groups. A similar explanation could also be given for the 
peaks observed in the present measurements; however the temperature and the fre- 
quency of the Sinnot’s peak are not in agreement with the values of W and 7, given 
by (14). According to these values, the temperature of the peak for a vibration fre- 
quency of 1 Hz is about 83 °K. 
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The theory of the thermally activated relaxation effects with a continuous 
spectrum, which is summarized in eq. (8)-(15) does not account for all the 
experimental results, as it does not predict the observed dependence of DE 
upon temperature. To the hypothesis of an exponential relation between 7 
and T-1 it is then necessary to add another hypothesis concerning a depen- 
dence of the same type of the total relaxation strength S= AM/M upon 7°. 


: À 
(16) S= S, exp - a : 


In fact, in the case of a single relaxation time, eq. (10) shows that the relax- 
ation strenght equals 2Q>'. When the latter value is substituted to S, eq. (16) 
represents the observed dependence of the dissipation peak upon temperature. 
The same happens for a relaxation spectrum of the Fuoss-Kirkwood type, the 
relation between S and Q 7 being in this case (48:53) 


(17) S — 


2) 
4 
wean es 
) 


Gis 
i 


In other words the experimental results point out that a temperature va- 
riation has a double effect: it changes not only the characteristic time of the 
relaxation effect but also the total number of elementary processes involved 
in the effect. It is remarkable that the activation energy associated with the 
dependence of Q>* upon 771 and computed from Fig. 11 has the value 


SS 
= 
oe) 


EURE 


which is very near to one half of the energy H of the exponential increase 
of dissipation (Table IT). 


43. Dependence of frequency upon temperature. — The variation of the slope 
of the frequency-temperature curves which is observed near 230°K (Fig. 7 
and 8) is similar to the second order transition from the glassy to the rubber- 
like state which is found in an higher temperature range (1783Sa 0,20: 293242275 29 3 
The lower transition has not been noticed by the above experimenters either 
because their temperature range was too narrow or their measurements of 
frequency were not accurate enough. 

The use of the term transition seems to be appropriate in the present case 
as no frequency dependence has been detected for the slope change. This 
change may be roughly evaluted approximating the frequency-temperature 
curve by two straight lines on the two sides of the transition temperature, 
and comparing the «relative slopes » of these two lines, that is the value of the 
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curve A, 11.04 kHz; B, 21.18 kHz; 


treatments (b) and (d) (see Table I); vibration frequencies at room temperature: 
Oh 92247 
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logarithmic derivative of frequency with respect to temperature 8 =— © In f/cT. 

i Pet. Rate glo ae (e 
The following data show that the slope change of the curve at 230 °K is 
smaller than the corresponding change from the glassy to the rubber-like state 


transition in the same material (35). 


Transition at 230 °K Transition at 337 °K 
l'OS 103-$ 
0.58 + 1.35 1.50 — 6.46 


This difference between the two transitions may explain why no appreciable 
change in the exponential part of the dissipation is found for the low-temper- 
ature transition (Fig. 2, 6) whilst for the glass-rubber transition BUTTA (*) 
found a large change in the activation energy associated with the exponential 
part of the dissipation. A value of 0.066 eV was found below the transition 
temperature 7, in agreement with the data of Table II for the same tem- 
perature range. Above 7, the same author found an energy of 0.284 eV. It 
may be added that for the low temperature transition a small bump is noticed 
in the dissipation-temperature curves (Fig. 2 and 6) near 230 °K. However 
this deviation from the exponential law is too small to make possible a deter- 
mination of its dependence upon frequency and may eventually mask a slight 
change in the characteristic exponent of the dissipation. 

Some additional light is thrown on the 230 °K transition by the curves 
of Fig. 12 which show the temperature dependence of f for three different 
vibration frequencies of the same plate (specimen no. 1, after the treat- 
ment (b) and (d)). The « knee » of the frequency-temperature curve is not very 
sharp, and a whole transition region exists, between 190 °K and 260 °K, in 
which f is a linear function of the temperature. Within the limits of the 
accuracy of the measurements and of the computation of 6 the temperature 
interval of this region is the same for the three vibration frequencies. 

At temperatures below 150 °K a small peak is found in the f-temperature 
curve, which corresponds to the inflexion of the frequency-temperature curve 
shown in detail in the enlarged part of the diagrams of Fig. 7 and 8 and is 
related to the partial relaxation effect according to eq. (9), (10) and (17). 


5. — Conclusions. 


The dynamic behaviour of polymethyl methacrylate for flexural vibra- 
tions in the frequency range from 6 to 40 Hkz, in the temperature interval 
(60 p80) K i for strain amplitudes smaller than 107, is characterized by 
a partial relaxation effect superposed to a gradual increase of the energy dis- 
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sipation with temperature, and by a knee in the frequency-temperature curve 
at about 230 °K. 

The temperature dependence of the relaxation effect is somewhat more 
general than that which has been considered hitherto. In addition to the 
exponential relationship between the relaxation time and the temperature, 
which is characteristic of the thermally activated effects, a dependence of the 
same type has been found between the relaxation strength and the temper- 
ature. The analogy with the relaxation effects found in the n-propyl and 
n-butyl ester polymers shows that the peak of PMMA may be due to a re- 
arrangement of the side chains. 

The gradual increase of dissipation with temperature follows an exponential 
law, but does not seem to be due to a total relaxation effect, as the dissipation 
increases Slightly with the vibration frequency. In this case the temperature 
seems to be effective in controlling not the characteristic time, but the number 
of the elementary processes which give rise to the anelastic strain and to the 
energy dissipation. 

The knee in the frequency-temperature curve corresponds to a tempera- 
ture interval in which the coefficient 6 = — à In f/07 is a linear function of the 
temperature. No frequency dependence of this interval has been detected; 
this would indicate the existence of a second order transition at about 300 °K. 
If this is the case, a corresponding knee must be found in the curves which 
give the length of the specimen as a function of temperature. 


RIASSUNTO 


La frequenza di risonanza ed il coefficiente di dissipazione Q ! dellenergia elastica 
sono stati misurati su alcune piastre circolari di polimetilmetacrilato, sia del tipo pla- 
stificato, sia prive di plastificante. Le misure sono state effettuate in funzione della 
temperatura nell’intervallo (60--300) °K, per frequenze comprese tra 6 e 40 kHz, me- 
diante vibrazioni flessionali e con coefficienti di deformazione non superiori a 1077. 
Un effetto di rilassamento attivato termicamente produce un massimo nella curva dissi- 
pazione-temperatura a circa 110 °K, e nello stesso tempo dà luogo ad una leggera 
inflessione della curva frequenza-temperatura, come è previsto dalla teoria delle defor- 
mazioni lineari dinamiche. Questo effetto è probabilmente dovuto ad un riassestamento 
delle catene laterali. Esso si sovrappone ad un’altra causa di dissipazione dell’energia 
elastica, la quale non rientra tra quelle considerate attualmente dalla teoria delle defor- 
mazioni dinamiche, in quanto produce una dissipazione che aumenta sia con la tem- 
peratura, sia, in misura minore, con la frequenza. Ad una temperatura di circa 230 °K 
la curva frequenza-temperatura forma un gomito che sembra dovuto ad una transizione 
di seconda specie poichè la sua temperatura appare indipendente dalla frequenza di 


misura. 
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On the Physical Interpretation 
of Complex Poles of the S-Matrix — II. 


H. M. NUSSENZVEIG 


Centro Brasileiro de Pesquisas Fisicas - Rio de Janeiro 


(ricevuto il 21 Febbraio 1961) 


Summary. — The initial-value problem for a Schrédinger particle inter- 
acting with a partially transparent sphere (6-function potential) is 
solved by an extension of the method described in Part 1 (1). The general 
solution is expanded in terms of the propagators of transient modes. 
The relation between this expansion and the stationary-state expansion 
for an impenetrable sphere is discussed. Two special cases are consid- 
ered: the decay of a wave packet initially confined within the sphere 
and the scattering of a wave packet by the sphere in the case of a sharp 
resonance. In the decay problem, the domain of validity of the expo- 
nential law and the deviations from this law are investigated. In the 
resonance scattering problem, the behaviour of the solution in the internal 
and external regions as a function of the width of the excitation is 
discussed. The concept of time delay at resonance is analysed, 


1. — Introduction. 


treatment by the method of complex eigenvalues. 


(*) G. Beck and H. M. NussenzveIG: Nuovo Cimento, 16, 416 (1960). 


VOLA EN 16 Maggio 1961 


In the first part of this paper (1) (hereafter referred to as I), the connection 
between the transient behaviour of a system and the poles of the associated 
S-matrix was investigated by means cf some examples. It was shown in these 
examples that the general solution ot the initial-value problem can be expanded 
in terms of propagators of transient modes, which are associated with the 
poles of the S-matrix. This eliminates the difficulties that occur in the usual 


2006 


ON THE PHYSICAL INTERPRETATION OF COMPLEX POLES OF THE S-MATRIX - II 695 


The examples treated in I had some restrictive features in common. They 
gave rise only to short-lived transient modes, whereas the case of long-lived 
modes is of greater physical importance. Furthermore, in each example, the 
S-matrix had only a finite number of poles for given angular momentum. In 
order to extend the treatment to the interaction of non-relativistic particles 
with an arbitrary potential of finite range, it is necessary to overcome this 
limitation, since the S-matrix then has an infinite number of poles for each 
value of the angular momentum (?). 

In the present work, the treatment will be extended to an example which 
does not suffer from either of the above limitations. We shall consider the 
initial-value problem for a Schrédinger particle interacting with a partially 
transparent sphere. The transparency of the sphere can be adjusted to obtain 
transient modes of arbitrarily long lifetimes. In the limiting case of an im- 
penetrable sphere, the modes go over into the stationary states of a particle 
in a spherical box with impenetrable walls. 

By suitably specializing the initial conditions, one can describe either the 
decay of a wave packet initially confined within the sphere or the scattering 
of a wave packet by the sphere. A different treatment of the decay problem 
for the same model has been given by PETZOLD (3). 

The transient-mode expansion for an infinite number of poles is obtained 
by means of a Mittag-Leffler expansion. Such an expansion has been em- 
ployed in electric circuit theory (*), and it has been shown that it can be ap- 
plied to an arbitrary potential of finite range in stationary scattering theory (°°). 
In this way, the treatment given in I can be extended to the interaction of 
Schrédinger particles with an arbitrary potential of finite range. It has been 
found more instructive, however, to consider in detail an explicit example 
such as the present one. 

In Section 2, the general solution of the initial-value problem for s-waves 
and its expansion in transient modes will be derived. The relation between 
the transient-mode expansion and the stationary-state expansion for an im- 
penetrable sphere will be investigated. It will be shown that the transient- 
mode expansion behaves like the stationary-state expansion for large times, 
but it gives a better description of the early stages of propagation within the 
sphere. 

In Section 8, the solution will be specialized to the case of decay. The 
asymptotic form of the decay law and the domain of validity of the expo- 


nential law will be discussed. 

(2) T. REGGE: Nuovo Cimento, 8, 671 (1958). 

(3) J. PetzoLp: Zeits. Phys., 155, 422 (1959). 

(4) B. Gross: Suppl. Nuovo Cimento, 3, 235 (1956). 
(2) 

5), 


J. HumBLET: Mém. in-8° Soc. Roy. Sci. Liège, 12, n. 4 (1952). 
V. I. SerpoBoLsKu: Sov. Phys. J.E.T.P., 9 (36),-1354 (1959). 
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In Section 4, the resonance scattering problem will be considered. The 
behaviour of the solution in the internal and external regions and its depen- 
dence on the width of the excitation will be examined. The relation between 
the results and the concept of time delay at resonance will be discussed. 


2. — General solution of the initial-value problem. 


21. The propagators. — We shall be concerned with the initial-value problem 
for the s-wave Schrodinger equation (in units 7 = m= 1) associated with the 
central potential V(r) = 4(A/a) d(r—a) (A> 0), which describes a penetrable 
sphere of radius a. In the above units, A is a dimensionless parameter, which 
measures the opacity of the sphere. 

We denote by indices 1 and 2 the interior and the exterior of the sphere, 
respectively, and introduce corresponding radial functions @;(r, t) = ry;(r, t) 
(j=1,2). The problem is then equivalent to the solution of the free-particle 
Schrédinger equations 


92 a 
(1) es: 2) g(r, t) = 0, 


(2) @,(0, 2) = 0°, 

(3) gi(a, t) = pla, t), 

4 QUE her og A 

(4) à (a, t) à (a, t) = +. (a0), 


and the initial conditions 


(5) pr, 0) = f(r) . 


We want to express the general solution in terms of propagators: 


a @ 


(6) gilt, t) = [Gar 0, t) fie) do + | Gr, 0, t)fs(0) do . 


0 
a 


For this purpose, in accordance with the method employed in I, we write down 
the general solutions of (1) 
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where 


(8) U(r, t) = exp [— ix/4](2xt) * exp [ir?/2¢] . 


The initial conditions give y,(0)=fi(0) (0<o<a); x:(0)=fs(0) (o>a), and 
(2) implies %1(—0) =— x,(@), so that the unknown functions in (7) are y,(a+ 0) 
and y,(a—o) for o> 0. They are determined by conditions (3) and (4), which 


7) 


can be solved by the Laplace transformation method (cf. I). 

Let Xp), X2(p), F(p) and F,(p) denote the Laplace transforms of y,(a+ 0), 
y(a—o), H(a—o)f,(a—o) and f,(a+o), respectively, where H(t) is Heaviside’s 
step function. The Laplace transforms of (3) and (4) become 


[1 — exp (— 2ap)|X,(p) — X,(p) = —[F(p) — exp (— 2ap) F,(— p)] + F,(p), 
A 
a 


pli + exp (— 2ap)}X (¢) + (p "a | X,(p) = 


À 
= pLF(p) — exp (= 2ap) (= MI + (p — È) F,(p). 
Solving these equations for XY, and X,, applying the inverse Laplace trans- 


formation and substituting the results in (7), we are led to the following ex- 
pressions for the propagators defined in (6): 


(9) Gu(r, 0; t) = G(x, t) — (Y, t) , 
where 
(10) i= 90), y=r+o, 
(11) G(x, t) = U(a,t) + [ree a+ % + &,t) + U(2a — x +6, t)| Ru) dé; 
F 
(12) G(r, 0, t) = G(x, t) — Gy, t) = Gu(o, 7, t), 
where 
(13) Ge, 0 =| Ula + &, D Ruel) aE; 
0 
(14) Gos; 0, t) = Ula, t) +] Uy — 20 Et) Ralé) Er 
0 


The functions R,,(€) are given by (71 denotes the inverse Laplace trans- 
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form) 

(15) Rulé) = 4 10 (2ap)], 

(16) Rf) = 2a2-1[p@(2ap)], | 

(17) Ralé) = L-4[(A — 2ap)exp [— 2ap] — A]Q(2ap)} = | 
= — £-“exp [— 2ap] S(ip)}, | 

where | 

(18) QG) =(4+2—Aexpl— |) #, | 

and 


(19) S{k) = — Q(— 2ika)/Q(2ika) | 


is the S-function (diagonal element of the S-matrix) for s-waves. | 

22. The poles of the S-matrix. — The poles of the functions of p appearing | 
in (15) to (17) are related by the transformation p ——ik with the poles of 
S(k) in the k-plane. The latter are roots of the equation 


(20) A — 2if — A exp [27p] = 0, 


where f = ka. Methods for locating the roots of complex transcendental equa- 
tions of this type have been given elsewhere (7). Here we shall be interested 
only in some limiting cases. 

For each value of A, there exists an infinite number of poles, all of which 
are simple and are located in the lower half of the k-plane. The pole distri- 
bution is symmetrical with respect to the imaginary axis, so that it suffices 
to consider the lower right quadrant. There is one pole f, in each strip 
(n—1l}z < Ref <nx (n=1, 2, 3,...). When A approaches zero (free particles), 
Bn approaches (n—}4)x—ioo. When A increases, BP, moves upwards and 
away from the imaginary axis, and 6, + nz when À — co. In this limiting 
case, therefore, we get the eigenvalues associated with a particle in a spher- 
ical box with impenetrable walls, as ought to be expected. 

For given A, the asymptotic behaviour of the pole distribution for large n 
is given by (7) 


(21) 


à 
| 


a) — $2 log [(2n — 1)x/4] (nu >A). 


We shall be interested mainly in the case A>>1, in which the lowest-order 
poles are very close to their limiting values on the real axis. They are then 


(*) H. M. NussenzveIG: Nucl. Phys., 11, 499 (1959). 
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given by 


(22) Bn = na[1 — (A +1) ] — i(nx/A} + O[(na/A)3] 
The «lifetime » of the transient mode associated with (22) is 


(23) Ta = (na) *A2a? . 
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(nr LÀ ). 


These long-lived transient modes can be interpreted in terms of multiple- 
reflection interference effects similar to those which occur in the Fabry-Pérot 
interferometer. In particular, we have t, = 2a(v,@,)—!, where v, is the ve- 
locity within the sphere and @, is the transmissivity of the potential. 


23. The transient-mode expansion. — In order to derive the transient-mode 
expansion of the propagators, we need the Mittag-Leffler expansion of the 
expressions within brackets in (15) to (17). The Mittag-Leffler expansions 
associated with /,, and /,, are derived in the Appendix. If we define 


(24) by = HAfa)(A+1)1; B,=3Afa)(A+1—2i8,}% (n=+1, 


(25) ¢, = — 218,b,/A = — 1(B,/a)(A + 1 —2ip,) o 


where I it follows from (15), (16), (A.7) and (A.8) that 


(26) Ru(f) = bo + Yd, exp[— ET, 
(27) Ras) = 4 (€) + Den exp [— thn], 


ne 


where the terms » and —n must always be taken together in the summations. 


Instead of deriving a similar expansion for R,,, it is more convenient to 


express it in terms of R,,. It follows from (16) and (17) that 
(28) TONER CHE 2a) lo 28), 
Substituting (26) to (28) into (11), (13) and (14), we find 


(29) Gt, t) = U(@, t) + b[M(a+x, 0, EE M (2a—%, 0, t)| + 


+ > b,[M(2a-+a, kp, t) + M(2a—x, k,,t)], 


(30) Gia) AU) XY MG, kat), 


(31) Gt, ot) = Ula, t) — 5[U(y—2a, ) + Uy, 9] + 


+ > ¢,[ Uy —2a, k,, t) — My, ka, t)], 
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where 


to) 


(32) M (a, k, t) =| me — x) exp [ik(x — €)] U(£, t) dé 


= o 


is the Schrôdinger propagator of a transient mode, which was introduced in I. 
È e R Rar nQ 1a , 91 i 2 
The transient-mode expansion of the propagators is contained in (9), (12) 


and (29) to (31). 


The physical interpretation of M(x, k,t) was discussed in I. It was also 
shown there that, if A and B denote the regions of the complex plane above 


and below the second bisector, respectively, and if 
re A 

(33) w = (2t) ?(e — kt), 

the following asymptotic expansions are valid: 


(34) Mix, k,t) = M (x, k, t) = tt(@— kt) +U(2, t)[1 


+ (— di)" (2n —1)!! w>* + R,(w)] 


(35) M(x, k, t) = M,(x, k, t) = exp [i(kx — Et)] + M (x, k, t) 


where (2n—1)!!=1-3-5...(2n—1), H=${k?, and 


(36) LR, (a) | <rŸ2-"-1(9n +1)!! |e 


—2 


n—1 


Liu? 


(OI 


if we À, 


if we B, 


sees 


24. The limiting case of an impenetrable sphere. — Before applying the 
general solution to the special cases of decay and of resonance scattering, it 
is instructive to consider the limiting case of an impenetrable sphere. In this 


limit (A — co), (15) becomes 


(37)  -Ru(é) = Y-1{[1 — exp [— 2ap]]} = 4 6(é) + +a-1[1 + > exp[—ik,é]] , 


where k, = na/a. Substituting this in (11), we get 


(38) Gil, t) = U(x, t) + MU(2a +x, t) + UCa— x, 


t)] + 
+ Sa TM (2a +a, 0, t) + M(2a— x, 0, t}] + 


+ 3a S [M(2a +, kp, t) + M(2a—a, ka, t)]. 


It is also possible to expand G,, in terms of the 


stationary states of 


the 
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particle within the impenetrable sphere: 


Gur, 0, t) = 2a-4 Y sin (k,r) sin (k,0) exp [—4ik?t]. 


n=] 


This can be rewritten in the form (9), with (*) 


4 ; sE : eri 1 x gti 
(39) Gian) a 155 me (k,æ) exp [— $tk,t] = > 0 (5- | sa) ) 


where O(x|T) is the Jacobi 0-function (8). If we apply Jacobi’s transformation 
formula (8) 


(40) O(a |v) = (t/t)-* exp [— xix?/r ]0 (= | — 1) ; 


| eq. (39) becomes 


| 


| (41) G(æ, t) = U(x, t) + Y[U(2na—x, t) + U(2na + x, t)]. 


n=1 


Eq. (38), (39) and (41) give three different representations of the same 
propagator. In the theory of heat conduction, the transformation (40) is em- 
ployed to transform a series which converges rapidly for large 7 (large times) 
into a series which converges rapidly for small 7 (small times) (8). A similar 
result is valid here. The characteristic time interval is 7’ = 4a?/x, the period 

of the ground state. 

| For t>7, the contributions from large values of n in the stationary-state 
| expansion (39) oscillate very rapidly, and tend to cancel one another by de- 
structive interference. Thus, the main contribution arises from the lowest 
i values of n. On the other hand, for t< 7, a large number of terms will con- 
tribute, so that the convergence becomes very slow. 

The expansion (41), when replaced in (9), corresponds to the result which 
is found by applying the method of images: there is an infinite series of images, 
corresponding to the successive reflections at r — 0 and 7 — a. This series is 
rapidly convergent for t< 7, on account of the rapid oscillation of the terms 

with large n. For very short times, the propagator does not differ very much 
from the free-particle propagator, as ought to be expected. However, for 
t>T, the series (41) does not converge well. 


(*) The constant term in (39) is arbitrary; the choice was dictated by reasons of 


conyenience. 
(8) A. SOMMERFELD: Partial Differential Equations in Physics (New York, 1949), 


D> 72. 


45 - Il Nuovo Cimento. 
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It can be easily shown, with the help of (34) and (35), that the transient- 
mode expansion (38) behaves like the stationary-state expansion for t> 7, 
whereas, for t< 7, it is dominated by the free-particle propagator. Thus, the 
transient-mode expansion combines the advantages of the stationary-state expansion 
with those of the expansion by the method of images: it converges well both for small 
and for large times. Furthermore, unlike the others, it can still be applied 
when A has a finite value. 

Since each term in the transient-mode expansion approaches the corre- 
sponding term in the stationary-state expansion for large t, it is clear that the 
expansion coefficient will give the probability amplitude associated with the 
level in question. Thus, in the limiting case of an impenetrable sphere, the 
transient-mode expansion is closely related with the stationary-state expansion. | 


3. — The decay problem. | 
| 

31. Behaviour of the propagators. — In order to describe the decay of a | 
particle which is initially confined within the sphere, it suffices to specialize | 
the initial conditions (5), by requiring that f,(0) — 0. The behaviour of the 
solution in regions 1 and 2 is then determined by the propagators G,, and G,;, 
respectively. 

Let us consider the behaviour of G,, as a function of time. We shall be} 
interested only in times much larger than the « period » associated with the 
lowest transient mode, i.e. t>a?. Under these conditions, |w,|>1 for all 
the functions M(2a+a, k,,t) in (29), where w, is the parameter defined | 
in (33). We can therefore employ the expansions (34) and (35). Denoting} 


by > the sum over all poles located above the second bisector, we get 
A 


| 


(42) Gt t)=U (D, 1) ) + 2 bs exp [i(k,w— E,t)] + {by M(2a +, 0, t) + 


+ A U(2a + x, t) DI b,[ (2a + « — k,t)-1 — it(2a +x — k,t)-3 


— Sa + @ — kt] + (a —x)} + a O[ (a2/t)?], 


where the last term in the expression within curly brackets denotes antisym-: 
metrization of the expression with respect to x. 

The sum of each of the series that appear within the curly brackets can) 
be explicitly computed by employing the Mittag-Leffler expansions given i 
the Appendix. For instance, according to (24) and (A.8), 


DRE — Kent)! = — $A {fa( A+ EP + 219 Ziat/t)}, 
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and the sums of the remaining series follow by repeated differentiation with 
respect to € The results can then be expanded in powers of aé/t. Making 
similar expansions for the other terms of (42), and substituting the results 
in (9), we finally get, for t>a?, 


(43), Gar, 0, t) = 2a 0 — (A+41—2i8,) 1] sin (k,0) sin (Kar) exp[—1£,t] — 
A 


— (2/7)? exp [ix/4] (A +1)-2 ort + 2(2/7)? exp[— ix/4] A (A +1): 


{[A—2— M1 + 4i)(24—1) A(A +1) at + LANA + 1)(r2 + 0) 


‘ort? + a O[ (a2/t)3] . 


Each term of the series appearing in (43) decays exponentially (the life- 
time of the n-th term is given by (23)). For t +00, G,, is dominated by the 
term in ¢?. The same term has been found in reference (*). The asymptotic 
decay law is therefore in general (*) an inverse third power law. This agrees 
with the discussion given in I. 

Eq. (43) enables us to obtain the decay law corresponding to a given exci- 
tation, for all times t > a?. A specific example will be given below. 

The propagator G,, may be treated in a similar way. Each transient mode 
i = ki — tx, (k, € A) in (30) gives rise to an exponential wave train with a 
diffuse wave front at r & (k, —,)t, ahead of which the amplitude decreases 
rapidly (cf. the general discussion in I). Behind the wave front associated with 
the lowest mode, all the wave trains overlap. For points far behind this wave 
front ("< kt) and times { > a?, we find 


(44) G,;(r,0,t)= — 24 > Gn Sin (4,0) exp [t(k,r — Ext)] + 
A 


+ (A $I {1 + D ACA +1844 41)" 20/0} LU — 0, D Ores) 


—iA(A + 1)-?(a/t) [(r — @) U(r — o, t) — (r + @) U(r + 0, t)] + (aA)? 0 [(a?/t)*] . 


~ 


In the derivation of this result, we have made use of (30), (34), (35) and the 
Mittag-Leffler expansion (A.7). 

The terms of the series that appear in (43) and (44) correspond to the 
« complex-energy wave functions » which are employed in the method of com- 
plex eigenvalues. Each term sin (k,r) in (43) corresponds to a term 
T,exp[ik,r] in (44), where 7, is the «transmission coefficient », given by 


(45) T, = — Bn exp [— 218, ]/A . 


(*) An exception occurs if f,(0) is chosen orthogonal to 9 over the interval (0, a). 
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For t>r?, (44) becomes 

(46) Ga;(r, 0, t) = — 2î Y cn sin (ko) exp [i(k,r — E.t)] — 
A 


— (2/7)! exp [ix/4](4 +1) fr —A(A +1) 1] ot + … 


and the last term predominates for t-> oo. This term has also been given 


in reference (*). 


32. The decay law. — In order to investigate the domain of validity of the 
exponential decay law under the most favourable conditions, let us consider 
the decay of a long-lived mode, e.g. the lowest mode for A >1. To concen- 


trate the excitation as much as possible on this mode, we shall choose the 


initial (unnormalized) wave function (*) f,(0) = sin (ko), which corresponds to 
a «complex resonance ». 
Employing (43) and (22), this leads to 
(47) g(r, t) = [1— ta A? + O(A-)] sin (kr) exp [— dE,t] + 
+ *A-1[2* exp[ix/4] 4-1 + 4i(a2/t)][1 + O(A-)]rat? + Ag,(r, t) (for t > a), 


where 


(48). Agi(r, t) = 211 — (À +1—2%8,)-)[(Ba— Bx) sin (Ba— Br) — 


— (Bn + 1) sin (Br + B,)] sin (k,r) exp [— iE,t] + O[ (a2/t)3]. 


It follows from (21) and (22) that only modes with na< A give an ap- 
preciable contribution to (48), so that we may write 


(49) Ay,(r, t) A ie )" (n/n +1) sin (nxr/a): 


‘exp [— }i(nar/a)* — h/t] + Of (a/t)*] , 


where # is such that the contribution from n > © is negligible (na < À) and 
Tt, is the lifetime of the mode n = 1, which is given by (23). 

According to (47) and (49), there are only very small corrections to the 
exponential law for a@<t<t,. For t > t,; the main correction arises from 


() The choice f,(0) = sin (xo/a) would lead to amplitudes of the order A (in- 


stead of A2) for the a modes. 
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the term in #*, so that 


(50) g(r, t) & sin (xr/a) exp [— $7(a/a)*t — H/t,] — 
— 2x exp [in/4] Aart! (Cort) 


The probability that the particle is still confined within the sphere after 
a time # gives the decay law: 


(51) Pil | | Bora) [nes jar. 


0 


According to (50), we get 


È 1 7 : 
(52) P(t) ~ exp [—t/t,] — (2/2)? A cos (= wat + 3 exp [— $t/7,](a2/t)? + 


a 


al mm AT*{(a)t}) > (4 > Ta) . 


The deviations from the exponential law will become important when the 
first term of (52) becomes of the same order of magnitude as the last one, 
i.e. exp[t/t,] & (t/t,)} A, which gives 


(53) t/t, ~ 10 log A+ 3 log log À. 


Thus, the ¢-? law predominates only after the probability that the par- 
ticle still has not decayed becomes smaller than A~'’. This is extremely small 
for all values of A which correspond to even moderately long-lived modes. 
In this case, therefore, it seems to be extremely difficult to detect deviations 
from the exponential law, in the present model. A similar conclusion has been 
reached by PETZOLD (°). 

According to KRYLOV and Fock (°), the decay law is entirely determined 
by the energy spectrum of the initial state. This follows from their definition 
of the decay law as the probability of finding the system in the initial state 
at time t, namely, |(p(r, t), y(r, 0))|?, where p(r,t) is the normalized wave 
function. It must be pointed out, however, that this definition, although it 
would lead to essentially the same results as (51) in the case of (50), becomes 
inadequate in other cases. For instance, it would imply a definite « decay 
law » even for a wave packet confined within an impenetrable sphere. The 


(2) N. S. KryLov and V. A. Fock: Zurn. Eksp. DO Tio, MTS Cita lo 
IL. A KBALFIN: Sov. Phys. J. E. T. P., 6, 1053 (1958), and J. PeTzoLD: Zetts. Phys., 
457, 122 (1959). 
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definition (51) does not suffer from this disadvantage. In the case of non-zero 
angular momentum, however, due to the presence of the centrifugal barrier, 
the definition of the decay law requires further consideration. 


4, — The resonance scattering problem. 


41. Solution in the internal region. — The general solution derived in Sec- 
tion 2 can also be applied to describe the scattering of an arbitrary initial wave 
packet by the sphere. In this case, f,(0)=0 in (6), so that the behaviour 
of the solution in regions 1 and 2 is determined by the propagators G,, and 
Goo, respectively. 

We shall consider only the case of a sharp resonance. In order to inves- 
tigate the effect of the excitation conditions, we shall take an initial wave 
packet depending on two variable parameters, which correspond to its mean 
momentum and its width in momentum space. A convenient choice for this 
purpose is (*) 


(54) falo) = exp [— iko(o —a)] 


where ky) = k, 
(% > 0). 

For definiteness, we shall associate the resonance with the lowest transient 
mode. Thus, it will be assumed throughout that |(kj)—k,)/k,|<1 and A>1. 
For kj=k,, we have a «complex resonance ». 

Substituting (54) in (6), and taking into account (12) and (30), we find 


ix) is a complex parameter with negative imaginary part 


(55) Pil’, 1) = F(r, t) — FE 


(56) Fr = +] U(o — 7, t) exp [— ik(0 — a)]do + 


IN | M(o —1, kn, t) exp[— iko(o — a)] do. 


a 


() For the sake of simplicity, 


Pi i ce e the initial instant is taken to coincide with the 
time at which the incident wav 


È Mao: DARIO e front impinges on the surface. It would amount to the 
same to take the initial position of the wave front at any reasonable distance from the 


saone (for not too large distances, the spread of the wave packet on its way to the 
surface can be neglected). ; 
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It follows from (32) that 


(57) ae — r,t) exp [— tk,(e — a)|do = M(a—7r,k,,t), 


IE 0 — 7, k,, t) exp [— dolo — a)|do = 
= Uko— k,)-1[M(a — r, lo, t) — M(a — 7, k,, t)], LE Ko So Rats 
= itU(a — rt) — (a—r— k,t) M(a — 1, k,, t), Re 


The last term of (58) appears only at the complex resonance (ky = hy). 
Excluding this case, for the moment, (56) becomes 


59) Fir, t) = — 218, Q(— 27.) M(a — 7, ky, t) — 

—4 > Cp (ky — tM (a—y7, Kn; i), 
where f,— ka, and (A.7) has been employed to compute the coefficient of 
the first term. 

Let us investigate the behaviour of (55) for times much larger than the 
« period » of the lowest mode (t >a?). Under these circumstances, the asymp- 
totic expansions (34) and (35) can be employed in (59). The resulting series 
can be summed with the help of the Appendix, and the results can be expanded 
in powers of a?/t (cf. the similar treatment of G,, in Section 3'1). Grouping 
together the first term of (59) and the resonance term (n= 1) in the series, 
and expanding them in powers of k—k,, we finally get 
(60) ur, t) = — 2ib, exp [i611(4 +1 — 2iB,)-1{ sin (kyr) g(ko, t) + 

+ By*[kyr cos (kr) + sin (kr)] exp[— Et] }+ 24 >” Bn exp[i8=](Po— Ba 
A 


:(A+1— 298.) sin (k,r) exp[—+7H,t] + (2/x)t exp [ize/4] 67> 


719 \(A = A) cra ES (> a), 
where the accent in the summation sign indicates the exclusion of n —1, and 
(61) g(ko, t) = (Bo — Ba)! {exp [— Et] — exp [— iH,t]} (ky ki). 
At the complex resonance, according to (58), (60) is still valid, with 


(62) g(k,, t) = lim g(ko, t) = — i(kyt/a) exp [— Et]. 


ko>k1 
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According to (60), the amplitudes of the non-resonant modes are at most 
of the order of the corresponding transmission coefficients (45), and decrease 
as they get further away from the resonant mode, on account of the factor 
(Bo— Br). The effect of the resonance is contained in the «amplitude gain 
factor » |g(ko, t)|, which measures the increase in the amplitude of the mode 
n=1 due to the resonance. 

At the complex resonance, (62) gives 


(63) | g(k,, t)| & $(A/az)? (t/t) exp [— 3t/t,] . 


Thus, the amplitude increases linearly with the time, to begin with, and at- 
tains its maximum value |g|,,,= ¢(A/z)? after a rise time t= 27,; there- 
after, it decreases, with a decay time which is also of the order of 27,. 

Outside of the complex resonance, we have to consider the effect of the 
displacement of the center of the exciting line (54) and the effect of its width 
variation. These two effects can be considered separately. 

If only the center of the exciting line is shifted, its width remaining the 
same, we find, as ought to be expected, that this gives rise to « beats » with 
the difference frequency, and the maximum gain decreases in proportion with 
the distance from exact resonance. 

It is more interesting to consider the effect of the width variation. Let 
the center of the exciting line be kept at its resonance value, while the width 
is changed; then, (61) gives 


(64) |g(Ko, t)| & (A/a)? (1 -- 2] {exp [— 4t/t)] — exp [— $t/z,)} x 


where 7, is the «lifetime » associated with the exciting line. 

It follows from (64) that, in the case of excitation by a narrow line (Tt) >%), 
the rise time and the maximum gain are of the same order as at the complex 
resonance, whereas the decay time is of the order of 27). On the other hand, 
for excitation by a broad line (t)<t,), the decay time is of the same order 
as at the complex resonance, but both the rise time and the maximum gain 
are reduced by a factor of the order of t/7,. 

The above results can be summed up as follows: the rise (decay) time is the 
shorter (longer) of t and t,; the maximum amplitude gain is of the order of (A/z)* 


times the fraction of the width of the excitation that falls upon the width of the res- 
onant mode. 


42. Solution in the external region. — It follows from (54), (6), (31), (56); 
(57) and (59) that 


— 
for) 
OU 

wa 


Pl, t) = Pou (1s t) | Pap(To t) ’ 
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where 


(66) 9,,,(r, t) = M(a—r, ko, t) — M(r— a, k, 1) 


? 
(67) 9, ,(r, t) = F@a—r,t)— F(—r, t) —— 248, Q(— 248, Mr a, ly, t) — 
— Mi(r-+-a, ko, t)] —4 > en(k&y— kn) TM (r — a, kn, t) — M(r+a, kn, t)]- 


This corresponds to a decomposition of g, into a «hard-sphere term » %,, 
which is identical to the solution for an impenetrable sphere, and a « reso- 
nance term » p,,: 

We shall consider only the case of an excitation centered at the resonance 
momentum but of variable width, 7.e. k, = ki — 1%, Where k, = ki — ix,. We 
want to find the shape of the scattered wave at a time ¢ larger than the life- 
time Ti (ha) +, but still much smaller than the «spreading time» t,= 
= Mn(x”, 4°), so that the effect of the spreading of the wave packet will 
be very small. According to (23), this means that (*) 


(68) A Star << AE 


The wave front associated with the scattered wave is located at r—a & kit 
Around this wave front, according to the general discussion given in I, there 
is a domain of width (21), where « diffraction in time » effects play an important 
| role. We shall consider only the behaviour of the wave function far behind 
| this region, so that 


(69) C=kti—r># 


This allows us to employ the asymptotic expansions (34) and (35), restric- 
ting (34) to its first term. Thus, (66) becomes 


(70) Ponts t) = — 2% sin [k,(r — a)] exp [— Et] — 


2it(r — a)[(r — a)? — Kee U (r —a, t) +... , 


and (67), with the help of (A.7) and expansion in powers of k,—k,, gives 


(71) qu t) = flr, t) + 2inA- exp [i(kor — Eot)] + 
+ 2% 5” B, sin Ba(By— Bn) (A +1 —268,.) exp [i(kar — B,t)] 4 
A 


| 2a(r—a)(r — a — kot) Q[— 2ia(r— a)/t| U(r — a, t) — 


2a(r + a)(r +a— kot) 1 Q[— 2ia(r + a)/t]U(r + a, t)+..., 
() Notice that t<x7? also implies a restriction on the width of the incident wave 
packet, namely, x,a<(x,a)? & a/A. We restrict our consideration to wave packets 


satisfying this condition. 
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where the accent in the summation sign indicates the exclusion of n —1, and 
me ‘ = x F = TRENTA Tec Type 

(72) f(r, t) = Dabo— 2) {exp [— x06] — exp [— a ]} exp [ihr — 3h, 0)]. 


According to (45), sin B, = 7, exp[if,,], so that the amplitude of each non- 
resonant mode in (71) differs from the corresponding amplitude in (60) only 
by the transmission factor, and is of order A~ for nn & À. Under the as- 
sumptions (68) and (69), it can be shown that the dominant term in (71) is 
f(r, t) (the remaining terms give only small corrections). 

Since f(r, t) is the transmitted wave corresponding to the first term of (60), 
its spatial behaviour is just the transmitted counterpart of the time behaviour 
within the sphere. The amplitude of the resonance term at a distance © behind 
the wave front corresponds to the amplitude of the resonant mode within the 
sphere at a time t= é/ki. 

The total outgoing wave, under the above conditions, is given by 


(T3) Pron!) {220 le — 74) [exp [at] — exp[— mC] + 
+ exp [— xof]} exp [i(kyr —$k/t)], 


where the last term in the curly brackets represents the contribution from 
hard-sphere scattering. 

This result has a simple interpretation in terms of the expansion in station- 
ary scattering states, 


+ o 


7 = | ] DERE © + 1.2 dk | 
(74) Po rs Po in ale P2, ot ss dari fexp | dk (r a) D ik°t] (k = ko) = 
1 : i dk 
= Sie k DX n= = @ 1 
are | a(k) exp [ik(r — a) — + èk2t] peso 


where S,(k)= exp[2ika]S(k), and S(k) is given by (19). It can readily be 
shown that (73) corresponds to the result which is obtained by taking the 
one-level approximation (1°) 


(75) S,(k) = (k— kf )\(k — ki) 2 


Thus, under the above conditions, only the immediate neighbourhood of the 
resonant level gives an appreciable contribution to the integral. 
à orga > , i lyfe + 6 
The hard-sphere term in (73) always interferes destructively with the res- 


(°) A. M. LANE and R. G. THomas: Rev. Mod. Phys. 30, 257, 321 (1958). 
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onance term. The resulting «absorption dip » in the surface-reflected wave 
represents the part of the incident wave packet which penetrates within the 
scatterer to build up the resonant mode. 

The absolute values of the factor within curly brackets in (73) and its com- 
ponent terms are plotted as a function of £ in Fig. 1, in the following cases: 


=e "| 10 


a) 


= si 
K 
t K; 1 


Fig. 1. — Profiles of the hard-sphere term (-——), the resonance term (—-—-—) and 
the total outgoing wave (———) as a function of the distance € behind the wave 
front. a) x, = 5x, (broad line); b) %) = x, (complex resonance); ¢) x, = x,/5 (narrow line). 
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a) broad line (x >); b) complex resonance (49 = %); c) narrow line (%< %1)- 
The amplitude of the resonance term also represents the behaviour of the 
resonant mode within the sphere as a function of time. 

The curves in Fig. 1 represent probability amplitudes. The corresponding 
probability distributions can be obtained by squaring them. In all cases, the 
total outgoing wave consists of a peak due to direct reflection at the surface, 
followed by a tail which represents the effect of resonance scattering. 


4°3. The time delay. — According to EISENBUD (11), the energy derivative 
of the scattering phase shift represents the time delay suffered by the incident 
wave packet in the scattering process. The retardation suffered by the center 
of the outgoing wave packet is given by A= 2dy/dk, where 7(k) is the phase 
shift. 

According to WIGNER (12), this result leads to a simple physical interpre- 
tation of the energy dependence of 7. At energies for which the incident par- 
ticle hardly enters the scatterer, the «retardation» will be close to — 2a 
(a being the radius of the scatterer), whereas it will assume large positive 
values close to resonances, where the incident particle is captured and retained 
for some time by the scatterer. 

In the case of a sharp resonance, where the one-level approximation (75) 
can be applied, the retardation at resonance is given by A = 2/x,, where x, 
is the width of the level in wave-number units. This corresponds to a time 
delay of twice the lifetime associated with the level. If x, is the width of the 
incident wave packet, it is assumed in this case that x < x,, so that the va- 
riation of dy/dk over the width x, can be neglected. 

According to (73) and Fig. 1(c), the results which have been found in the 
present example in the case of a narrow line (%<x,) are not in agreement 
with Hisenbud’s expression. The «retardation » of the outgoing wave front 
is & —2a, and the shape of the outgoing wave packet differs from that of 
the incident wave, so that a description in terms of a retardation of the center 
of the wave packet is not appropriate. 

The reason for this discrepancy is that the momentum distribution of the 
incident wave packet (cf. (74)) does not fulfil one of the conditions which are 
required for the validity of Eisenbud’s expression. This condition is that the 
momentum distribution should go to zero sufficiently rapidly outside of its 
width x. An example is provided by a Gaussian wave packet of width x, (*). 
In this case, the strong surface reflection which was found above disappears, 
because the internal region is excited adiabatically. The initial excitation 


(1) L. EiseNBUD: Princeton dissertation, unpublished (1948). 

(12) E. P. Wiener: Phys. Rev., 98, 145 (1955) 

(*) The author wishes to thank Professor E. 
to this point. 


P. WiGxer for drawing his attention 
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within the scatterer does not vanish, but it can be made arbitrarily small by 
taking the initial position of the center of the wave packet sufficiently far 
from the scatterer. The outgoing wave packet is also of Gaussian shape, and 
the retardation of its center is given by Hisenbud’s expression. 

It should be emphasized, however, that the retardation, under these con- 
ditions, is a very small effect. A retardation A = 2/x, produces a decrease in the 
probability density at the unretarded position of the center of the Gaussian wave 
packet by an amount 1 — exp [— 24] & 4(%/x,)°, which is very small for x, x. 

In order to render the retardation effect more conspicuous, one can try 
to associate it with a sharper signal. However, this necessarily involves a 
violation of the requirements for the validity of Eisenbud’s expression, as we 
have seen in the case of an initial wave packet having a sharp front. If one 
takes an incident wave packet of width x, > x,, so that the corresponding 
uncertainty in position is much smaller than the retardation in question, 
Hisenbud’s expression cannot be applied, because dy/dk varies greatly over 
the width x. As shown in Fig. l(a), the outgoing wave packet then has a 
tail of small amplitude (~ x,/x), which decays with the lifetime of the level, 
i.e. much more slowly than the incident wave. This can also be called a 
time delay, but it is again a small effect. 


Ok OK 
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APPENDIX 


The Mittag-Leffler expansions. 


We want to find the Mittag-Leffler expansions of @(2) and of Q(z), where Q(2) 
is defined by (18). Let 2, (n= 1,2,...) be the poles of 2Q(2) in the lower left 
quadrant of the +-plane. The poles in the upper left quadrant are 2, = a 


The residue at 2, is 
(A.1) lg = Qn(A + 1 ae 273) Be ) 


and, according to (21), 


(A.2) 2, & — log [(2n — 3)a/A]— i(2n — 3a, (nz > A). 


The Mittag-Leffler expansion of Q(z) can be obtained by applying Cauchy’s 
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method (1%). For this purpose, consider a sequence of squares C, with corners 
at the points (2n + 3)(+1 ir. It is easily shown that 2Q(z) is bounded 
on this system of contours taken as a whole. It follows that 


1 1 ai 
(A.3) 2Q(2) = ay FP (ee +=), 


where the terms n and — n must be taken together in the summation. Accor- 
ding to (4.1) and (A.2), each of the series within brackets is absolutely con- 
vergent, so that we may write 


j Ba 


ae Tat oe ee 


To determine the constant C, add to (A.4) the same equation with 2 replaced 
by — e. This gives 

ay ï = Tne n 
(A.5) C = #[eQ(ze) — 2Q(— 2)] — > sali 

According to (A.1) and (A.2), the series in (A.5) converges uniformly on 
the real axis as a whole (which is not true for the series in (A.4)). Therefore, 
it does not contribute in the limit 2 + + co, and we find 
(A.6) C=4 lim [2Q(2) — 2Q(— 2)]= 3, 


2—> = © 


So that the Mittag-Leffler expansion finally becomes 


7 1 Tin 
(A.7) 2 (2) = eta De . 
Dividing both members of (A.3) by +, we obtain the Mittag-Leffler expansion 
of Q(z): 
I r 
(A.8) Q(z) = — + Les 
(A + 1} 2 2,(2 — &n) 


“n 


(!3) E. C. Tircnmarsu: The Theory of Functions, 2nd ed. (Oxford, 1939), p. 110. 


RIASSUN TO (*) 


Il problema del valore iniziale per una particella di Schrodinger, che interagisce con 
una sfera parzialmente trasparente (potenziale della funzione u), viene risolto con una 
estensione del metodo descritto nella prima parte ('). La soluzione generale viene svi- 
luppata in termini dei propagatori dello stato stazionario per una sfera impenetrabile. 
Vengono presi in considerazione due casi speciali: il decadimento di un pacchetto d’onde 
inizialmente confinato entro la sfera e lo scattering di un pacchetto d’onde sulla sfera 
nel caso di una risonanza netta. Nel problema del decadimento, vengono esaminati 
il campo di validità della legge esponenziale e le deviazioni da questa legge. Nel pro- 
blema dello scattering della risonanza, viene discusso il comportamento della soluzione 


nelle regioni interna ed esterna in funzione dell’ampiezza dell’eccitazione. Si analizza 
il concetto del ritardo alla risonanza. 


* . 
() Traduzione a cura della Redazione. 
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Three-Body Final States from K Capture 
in Helium and Deuterium (*). 


M. M. BLOCK 


Department of Physics, Duke University - Durham, N. 0. 


(ricevuto il 23 Febbraio 1961) 


Summary. — Impulse-model calculations have been made for interactions 
at rest of K=-mesons in *He and D. With the assumptions of non-inter- 
acting emergent particles, momentum spectra have been calculated for 
the reactions: 

K’ +4He— A +7-+ 3He 


=> Yt+7F+3H 
and 


K4+4D A +r-+p 
~Lttattn. 


1. — Introduction. 


The analysis of the three-body final state reactions 


(1) Ko +4He > A° + x + 3He 
(2) SD rt + 3H 
(3) > LT + nr +'H 


resulting from the at-rest capture of negative kaons in helium is of particular 
interest because of the recent results obtained by the Helium Bubble Chamber 
Collaboration Group ('), indicating the dominant role these processes played. 


(*) This work was supported by a joint ONR-AEC Contract. 
(1) Herium BUBBLE CHAMBER COLLABORATION GROUP: Proc. of the Annual Intern. 
Conference on High Energy Physics at Rochester (1960), p. 426. 
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In this communication, we will compute the momentum spectra for the emer- 
gent particles (both pions and *He(*H)) using an impulse model and neg- 
lecting final state interactions. The general treatment will include, as a par- 
ticular case, the corresponding reactions in deuterium, 


(4) K-+D—>A°+7°-+p 
(5) #2 +rt+n 
(6) SD lun. 


It will be assumed that the K~ is absorbed on a single nucleon, e.g., a 
neutron in ‘He for reaction (1), and that the elementary reaction K--V + Y +7 
occurs from an s-state. All final-state interactions between the three emergent 
products will be neglected. Further, we take the K~ as pseudoscalar (*), and 
assume that the & and the A have the same parity. 

The K~ is assumed to be absorbed from an s-state Bohr orbit (*). We 
evaluate the Bohr orbit wave function at the origin, since the nuclear exten- 
sion is small compared to the orbit radius. The appropriate transition operator 
for the elementary reaction is scalar (taken as Constant), which we denote as a. 

The initial wave function is 


D = W,,,.(0)Piy(¥, 2, 3, 4), 


where nucleon Y is the one that captures the K and transforms to the Y-z. 
Since our purpose is to compute spectral distributions, and ¥,,,,(0) is a pure 
number, we need not consider it further. A gaussian wave function was taken 
for Yi4.(Y, 2, 3, 4), the internal wave function of the «-particle. It was ad- 
justed so that the nucleon density distribution is the same as the charge den- 
sity distribution measured by HOorSsTADTER (4) and collaborators in electron 
scattering experiments. In particular, we use (°) 


Pine(Y, 2, 3, 4) = N, exp ke (58 >r)] ’ 


T "e T ic € , in N i 1 

where N, is a normalization constant, and the parameter f is given by 
= 0) 2D Pe rhara n 7 i 

BP = 9/(32.E°), where R,, the r.m.s. radius of ‘He (after making allowance for 


; ) MoM. Brock, Hb. B. Bruckner. IS. Hueues, T. KixucHi, C. M. MELTZER, 
En PALE ON, A. EEYENER, E. Hartn, J. Lerrner and H. Coun: Phys. Rev. Lett., 
3, 291 (1959); HELIUM BUBBLE CHAMBER COLLABORATION GROUP: Proc. of the Annual 
Intern. Conference on High Energy Physics at Rochester (1960), p. 419. 

(*) T. B. Day and G. A. Snow: Phys. Rev. Lett., 5, 112 (196C); T. B. Day: Nuovo 
Cimento, 18, 381 (1960). 

(4) R. HorstADTER: Rev. Mod. Phys., 28, 214 (1956). 

(5) Units are chosen such that %#=c=1. 
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the finite proton size) is (1.44 + 0.07) fermi (#6). This wave function can be 
factored to give 


VAE 2, 3, 4) = Po) re 3,4), 


where we define ep =ry—ry,,, where r,, is the center of mass of nucleons 2, 
3 and 4, 7.e., Ÿ,, is the internal wave function of the virtual *He(*H) in the 
‘He nucleus. W{o) and ¥4,, are chosen so that they are individually normalized. 

If the momenta of the three emerging particles *He(*H), x and Y are given 
by p, q and s, respectively, then the final state wave function (unnormalized) 
for non-interacting particles is 


Y= Print; 3, 4) exp (ip: rm + gr, + ser) ; 


where Ÿ,,,(2, 3, 4) is the internal (normalized) wave function of the emergent 
TH\9 Ds L 5 

*He(*H). After noting that p+gqg+s= 0, and that the impulse approximation 

requires r_=ry, the final wave function can be rewritten more simply as 


We = Y7,(2, 3, 4) exp [— ip-e|, 


where we recall that p=r,—r,,. The transition matrix element, 
M — [Far az; 

factors into two terms and is given by 

(7) M — JC 3, 4) (2,3, 4) dr. dr, are) exp [—ip-elde, 


where the constant b is given by aŸ,,,(0). 

The first term is readily recognized as the overlap integral of the real emer- 
gent *He(*H) with the virtual *He(*H) core of the *He. The square of this 
is the probability that in a reaction in which a Y and x are produced, the 
three recoiling nucleons emerge as a bound *He(*H). The last term is the 
Fourier transform of Ÿ{(o), the portion of the ground state «-particle wave 
function which describes the relative motion of a single nucleon with respect 
to a *He(*H)-like core. 

Let us further assume that the ground state of #He(*H) can be represented 


by a gaussian wave function 


(5) R. H.:Dazitz-and B. W. Downs: Phys. Rev., 111, 967 (1958). 


46 - Il Nuovo Cimento. 
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where N, is a normalization factor and y = 1/(3 R?), where À, is the r.m.s. 
radius of *He(*H), corrected for the finite proton size. It can be readily shown 
that P,,, the probability for the emission of a *He(*H), is given by 


(8) HUE Fe OR? 


where (8) is a pure number depending only on our choice of nuclear radii, and 
is thus independent of the reaction dynamics. If we use in (8) the value 
R, = 1.38 fermi, the radius deduced by DALITZ and Downs (f) from examina- 
tion of the *He(*H) Coulomb energy differences, we obtain P,,, = 1.00, which is 
obviously an upper limit; it is a numerical accident that depends solely upon 
the chosen nuclear radii R, and R,. The recent helium bubble chamber results (?) 
indicate an observed value for P,,,~ 0.6. This could be explained in various 
ways—a poor radius assignment for R,, or, just as likely, that strong final 
state interactions between the *He(?H) and the Y and/or the 7 broke up 
produced *He(*H), an effect completely neglected in the above calculations. 
It is clear from an inspection of (7) that the only dynamical variable that 
the matrix element depends upon is |p|, and thus we may write it as M(p). 


2. — Momentum spectrum of *He(*H). 


The transition probability À for reactions (1)-(3) can be written, ignoring 
constant factors, as 


Re imp) LP | 


(6) 
( ) d E 


Using energy conservation, where we treat the pion relativistically and the 
others in the non-relativistie limit, we obtain 


(10) R= 4nm,;|Mi(p)|?pqdqd», 


where my is the hyperon mass. Introducing k as the relative momentum of 


the Y-x system, 4e, k= q—s, and integrating over q to obtain the mo- | 


mentum spectrum P(p), we find apart from normalization, that 


(11) P(p)dp =| M(p)|*p2k dp . 


È LATTA Te Di ‘ 
The quantity %=|K| is deducible from p by energy and momentum conser- 
vation. We see that if Æ were constant, the spectrum in p would be given 
Simply by the Fourier transform. It is the additional factor k which establishes 
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overall energy and momentum conservation in reaction (1)-(3), since as 
P > Pmax À +0. Also, we note that the only factor that depends on the kine- 
matical details (such as whether 
a A or Lis formed) is the quantity 
k. However, k is slowly varying 
over the region of interest in 
which the term p?| M(p)/? is large, 
Po thateonlyethé high energy tail = $f Wo =" S443} 
of the spectrum is influenced by 
the behaviour of k. This is the 
justification for the conclusion 


that the predicted *He spectrum 
from (1) and the *H spectra from 
(2) and (3) are almost identical. 

The generalization of (7) to 
the deuterium reaction (4)-(6), 
is clear. The first overlap, t.e., 


orb. units 


CERTES 


of a nucleon in the deuterium 50 150 250 350 450 550 
with the emergent nucleon, is P, (MeV/c) 

obviously poy Hou EGO) To Fig. 1. — ‘He and 8H momentum spectra from 
the Fourier transform of the the reactions K-+ “He > A° + + 5He and 


ground state deuteron wave funce- K~+4He > ~-+7++3H respectively. The solid 

tion. In (11), p is now the recoil curve is the ?He spectrum and the dotted 

nucleon momentum and k again curve is the *H spectrum. 

is the magnitude of the relative 

Y-x momentum. As before, the spectra P(p) for (4)-(6) are expected to be 

almost identical, with only small differences in the high momentum tails. 
Fig. 1 shows the *He spectrum from reaction (1) and the *H spectrum 

from (2). The appropriate M(p) is given by 


(2) Mp) x NIB) | exp (= 5 + ip-e)de = Nip) exp {- a | 


where N(8), the normalization factor, is given by (3/2). 
Shown in Fig. 2 is P(p) for reaction (4) in deuterium. We have employed 
the Hulthén wave function, 


vi Nie (exy|—-ao|—-exp|— 00])., 


with 


Ge (ie), oc N 
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3. — Pion momentum distribution. 


M. M. 


450 


BLOCK 
where o,, the triplet effective range, 
is given by 0;= 1.7:10-!* cm, Jf is the 
nucleon mass and e is the deuteron 
binding Thus, M(p), apart 
from numerical factors, is given by 


energy. 


dl. Sa 


3) MG Ne 
(13) M(p) = lez + p? 02 do pe . 


Fig. 2. — Proton momentum distribution 
from the reaction K~+D +—A%+77+p. 


To find the probability distribution G(q) for the momentum of the emer- 
gent pion, we need only to integrate (10) over p first. For *He, we obtain, 


apart from normalization, 


11 Gla) dae taint (3 
(14) (4) dq ia 3B 
K is the relative momen- 


tum of the Y-*He(?H) sys- 
tem, and is given by 


(15) 


Hie 3. — 

spectra from the reactions 

K+44He + A®°+7-+ *He (solid) 

and K +4He+> > + 7+-+ 3H 
(dashed), 


Pion momentum 
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where = M.,+mx- M:- Mu, 1/u=(1/M:)+(1/M.;, M=M5+ Mu; 
E = (qq? + vor and Mg, Mx, My, Mm; and m, are the rest masses of ‘He, 
K-, hyperon, *8He(*H) and pion, respectively. Fig. 3 shows the pion mo- 
mentum distributions G(g) from reactions (1) and (2), using (14). Because of 


the rest mass differences between Y° and X7, the corresponding spectrum 


for Y* is of the same 
shape but shifted about 207 
8 MeV/c toward lower | 
momenta. These spec- 16 


oD 
I 


| 


tra are quite narrow, Atr+p 
and are peaked near 
the maximum possible 
pion momentum. This 


is in accord with our 


arb. units 
= 
I 


8 

a priori expectation 6 
for an impulse model, a. 

in which, loosely speak- 2 

0 


ing, we expect that 


the line spectrum from 0 40 80 120 160 200 240 280 
Pr (MeV/c) 


| 


the 2-body elementary 
interaction K~+.N— : Fig. 4. — Pion momentum spectrum from the reaction 
VER is shifted Kod > Ant p: 

slightly and broadened 

by the internal momentum distribution of the capturing nucleon. Shown in 


-Fig. 4 is the pion spectrum G(q) computed for the deuterium reaction (4). 


We find (7) 


fl 1 i 2 bep? Pmax | 
ee ] ks 
(16) G(q) dq = 24 | oak p? Lars pi di —- «a! n (= + p ea, dq , 


min 
the ‘He case (see eq. (15)), by the replacements M, > M,, My, > My, where 
M, and M, are the rest masses of the deuteron and nucleon, respectively. 
The spectral differences between helium and deuterium reflect both the binding 
energy differences (the different Q’s in the appropriate reactions) as well as 
the differences in internal momentum distributions. 


where p= = (M,,/(M,+ M,))¢+H, where K is obtained from q; just as for 


(7) This result is similar to that deduced by A. Fusi and R. E. MARSHAK: Nuovo 
Cimento, 8, 643 (1958). 
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4. — Angular distribution. 


It is of interest to compute the angular distribution of the pion from re- 
actions (1)-(3) in the rest frame of the Y-r system, relative to its motion. 
This is most simply done by introducing the co-ordinates k and p, where 0 
is the angle between k and —p. Thus, (9) becomes 


5; Feu eee Vers 
a ei dH 


In the non-relativistic limit, 


— 
pi 
(© 0) 
= 


ke 2a eee - ) 3 


where 0'= M.,,.+m, — My— My,—™m,,, 1/u= (1/M)4(1/0_), fm =f Ma) 
+(1/M), and M = M,+™m_, respectively. Since dH = dQ’, we obtain 


(19) R = 4ayu| M(p)|? p?k dp d(cos 0). 


If we were to integrate (19) over cos 0, we would obtain the same spectrum 
as in (11). However, if we integrate first over p, replacing k from (18), we 
immediately see, since p and 0 are independent of each other, that the re- 
sulting angular distribution is isotropic. A similar conclusion is reached for 
the deuterium reactions. 


5. — Conclusion. 


3oth the pion and recoil nucleon (nucleus) spectra, as well as the angular 
distributions, for K~ absorption in deuterium and helium have been calculated 
in the impulse model limit. It must be emphasized that these are the spectra 
expected in the absence of any final state interactions, 1.e., they are the equiv- 
alent « phase-space » for the absorption of a K~ meson in deuterium or helium. 
Any marked departure from these predicted distributions would be indicative 
of either a breakdown of our model (which is a reasonable one for the process) 
or of the importance of strong interactions among the emergent particles (a 
more likely cause). A comparison, therefore, of these results with experiment 
would shed light on these as yet unknown interactions. 
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RIASSUNTO 


Usando l’«impulse-model », si sono calcolati spettri di impulso nel caso di intera- 
a riposo in ‘He e D, facendo l'ipotesi di particelle non interagenti nello 


zioni di K~ 
stato finale. I calcoli si riferiscono in particolare alle reazioni 


K +4He— A®° +7-+ 3He 
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Summary. Results are given on a hyperon-pion resonance. This reso- 
nance has been investigated in the absorption of K--mesons in *He. 
The experiment was performed, using the Duke Helium Bubble Chamber. 


We give tentative assignments of spin, parity and level width of the 
Y* state. 


(*) Supported in part by ONR, AEC, OSR and NSF. 
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1. — Introduction. 


The existence of a hyperon-pion resonance has recently been discovered (1), 
in the reaction K+p->Y*+7x, where Y* denotes the isobar representing 
the resonant state. In detail they observed that the isobar had a mass of 
— 1380 MeV, with a full width at half-maximum of — 65 MeV, and that it 
could decay via the scheme Y*—A+x, indicating that it had an isotopic 
spin T,,—1. The purpose of this communication is to present preliminary 
evidence confirming the existence of the isobar and to assign tentative spin 
and parity values to this level. 


2. — Experiment. 


The Duke Helium Bubble Chamber (?) (20 X12.5x10) cm, located in a 
uniform magnetic field of 14 kG, was exposed to a slow K beam from the 
Bevatron. In this communication, we have restricted our consideration to 
only those events corresponding to at-rest absorption of kaons. 

Because of experimental conditions of recognition, measurability, etc., we 
have selected for detailed analysis the following reactions: 


(1) K° + ‘He > A° + x + He 
(2) So ee tH. 
(3) Did ger UBI, 


The above reactions are sufficiently overdetermined kinematically so that they 
may be unambiguously separated from the large number of permissible re- 
actions in *He. The kinematically optimized results are used in this work. 

We can produce A’s in ‘He either « directly » or «indirectly » (*). The term 
« direct » production implies that the A was produced in the elementary inter- 
action K+.N—+A-+zx. The term «indirect » production is taken to mean the 
two-step process, wherein a Z was produced which «converted » into a A via 


(1) M. Ausron, L. W. ALVAREZ, P. EBERHARD, M: L. Goop, W. Graziano, H. K. 
TicHo and 8. G. Woycicki: Phys. Rev. Lelt.,:5, 520 (1960). 

(2) M. M. BLoce=W. M.. FAIRBANK, EH. M. Harte, T. Kixocur, C. M. MELTZER 
and J. Leirner: CERN Proc. Intern. Conference on High Energy Accelerators and 
Instrumentation (1959), p. 461. 

(3) HeLium BUBBLE CHAMBER COLLABORATION GROUP: Proc. of the Annual Intern. 
Conference on High Energy Physics at Rochester (1960), p. 423. 
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a collision with a second nucleon in the ‘He, ?.e., the chain of reactions 


(4) K+N,>Z+%n 


(5) SN = AEN. 


The 75 MeV mass difference between the © and A causes a kinetic energy 
~40 MeV to be imparted to the recoiling nucleon in (5), thus rupturing a 
bound 3-nucleon system. Therefore, neglecting virtual reactions, the presence 
of the weakly-bound *He in (1) allows us to conclude that the A was produced 
« directly ». | 

Reactions (1)-(3) can be produced either by a «phase-space »-impulse (4) 
type of interactions, similar to K+N —A+z7, where the *He(*H) plays a 
spectator role, or by the decay of the isobar Y* from the reactions 


(1) Ko Hee Ye He es 
(2") PDU tH, te era 
(3') HE EC DE De 


From charge independence, we require both that the rate of (2’) be that of (3°), 
and that the isobar Y*~ be produced twice as often as Y*°. Reactions (1’)-(3') 
correspond to particular decay channels of the Y*. The complete set of pos- 
sibilities allowed for a 7=1 isobar by the conservation laws, including charge 
independence, are 


= 
n 
À 

| 
= 
| 
4 


vela =e So ale TT d'a ee boue ate x 


V'— 
a 


+ TO) a si i 


the À, increases the transition rate for Y > A+x over Y+ Z+rn by approx- 
imately 60%. Thus, even in the absence of dynamical factors, we expect the 
yield of Z’s from (2') and (3') to be considerably less than A’s from (1’). Thus, 
it is reasonable that of the observed reactions (1) could be rich in Y* yield, 
whereas (2) and (3) might be predominantly due to the impulse model type | 
of interaction. Indeed, we note immediately that not more than ~ 50 oi 
(2) could possibly be due to isobar formation, since the observed yield of (2) 
to (3) is —2:1, whereas the formation via an isobar requires a 1:1 ratio] 


| 
\ Saga | | 
The larger available phase-space due to the A being 75 MeV lighter than | 


(*) M. M. Brock: Nuovo Cimento, 20, 715 (1961). 
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3. — Momentum distribution of *He and 3H. 


If 7 is the sum of the kinetic energies of the A(X) and pion in the A(X)-z 
rest frame, and p is the *He(*H) laboratory momentum, then 


(4) T = {(E* — E)?— p3— (m+ p), 


where H* = m,+m,, E = (p?+ M?), and m,, m, M, m and w are the rest 
masses of the K7, ‘He, *He(*H), hyperon and pion respectively. Thus, the 
momentum of the recoiling *He(*H) 


20 im: (1), (2) and (3) is a measure 
TRE of the relative energy in the 
È A(X)-r. 
16 b)Z er + 2H 
¥ Li a) N+rt- + He 
= 12 1200 
E 
È LOS @ = 
= 8 2 BE 
62 SÉ 
A a 
4 = ea 
2 da D = 
0 ' L I Ù Ù ' A ' 0 | i ; 7 ; 4 î = 
0 uae a + 300 400 0 100 200 300 400 500 
a, (MeV/c) P;,, (MeV/c) 
a) b) 
Fig. 1. — a) Momentum spectrum of *He from the reaction K +4He + A°+7 + #He. 


The theoretical curve, normalized to experimental, is an impulse-model calculation. 

b) Momentum spectrum of ?H from the sum of the reactions K~+‘4He — ©++7* +H. 

The theoretical curve, normalized to experimental, is an impulse-model calculation. 
Note that the two histograms have been normalized to the same area. 


In Fig. la and 1b we have plotted the momentum distributions of the *He 
from reaction (1) and the 8H from the sum of (2) and (3). Both histograms are 
normalized to the same area. Also shown in Fig. la and 10 are the theoretical 
predictions (*) for the *He spectrum (5) of (1), and *H spectrum of (2) and (3), 
respectively, using an impulse-model calculation normalized to the experimental 
area. The theoretical assumption of non-interacting final state particles makes 


(5) It is shown in reference (') that the *H spectrum from (2) or (3) is almost 
identical to the *He spectrum of (1), except in the high momentum tail. The difference 
is negligible for our purpose. 
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the impulse-model predictions the equi ralent of « phase-space » distributions for 
comparison with experiment. There are 96 events in the #H spectra and 50 
in the *He spectrum. We note that there is substantial agreement between 
the «phase-space » theory and experiment for the *H’s from (2) and (3), 
whereas the *He momentum distribution shows a marked departure, far outside 
experimental limits. It should be noted that since the *He momentum is ob- 
tained from range measurements, the average momentum uncertainty is 
~%7 MeV/c for the region 200< p< 500 MeV/c. The observed peak near 
250 MeV/c is just what is expected if a Y* of mass 1380 MeV were formed, 
In order to examine these results in à more appropriate reference frame, we 
have replotted the *He distribution in terms of T, the internal kinetic energy 
of A-r system. These results are shown in Fig. 2 as the solid histogram. We 


12 = 


arb. units 


Fig. 2. — The distribution of 7, the sum of the kinetic energies of the A and = in the 
A-x rest frame, from the reaction K~+4He > A°+2-+3He. The solid histogram repre- 
sents all 50 events. The dashed curve is the isobar contribution. The « piacere ) 
distribution (normalized to the interval 110-158) has been subtracted off aod the 


remainder plotted as the dashed curve. 


have attempted to estimate an upper-limit for the equivalent « phase-space » 
contribution in the following manner. The area of the last E interval 
((150--158) MeV) in the histogram was made equal to the area SIE: the ap- 
propriate theoretical curve for the same energy interval. This yields a « phase- 
space » contribution of — 35%. The dotted histogram is the remainder after 
Subtraction of the theoretical spectrum. These remaining events eee the 
shape we would expect if an isobar Y* were formed. If we accept the isobar 
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interpretation, we obtain a Y* mass of 1385 MeV and a full width ~ 35 MeV 
not in disagreement with the hydrogen chamber results (1). Since our average 
energy resolution is ~3 MeV, we conclude that the natural level width is 
comparable with the observed width: We can further conclude that a majority 
of reaction (1) proceeds via isobar formation. We have pointed out earlier 
that the number of Y*’s channels (2) and (3) is expected to be much smaller 
than in (1), even in the absence of dynamical factors, such as a possible X-A 
parity difference, etc. An examination of Fig. 1b shows the difficulty of de- 
tecting any Y*° decays from reactions (2) and (3). A reasonable upper limit 
for Y* contributions to this spectrum is ~ 20%. 


4. — Pion momentum spectra. 


In order to eheck on the internal consistency of the isobar assumption, we 
have examined the pion spectra from (1), (2), and (3). 


22 
20 - 20 
L - sh = 1 = 
18 ATTO 8 
JO IS = 
oes n 14 - 
” = 
2 - Sl 
0 — 310 = 
> D 
Ê 8 - 5 8 - 
se © = 
age a 
De 25 
Oca 1 I 1 I I I 0 Ù ! | ' I I I I 
20 60 100 140 180 20 60 100 140 180 220 260 
Pr (MeV/c) Pn (MeV/c) 
| a) DI i 
Fig. 3. — a) Pion momentum spectrum from the reaction K7+*He > A°+7~+*He° 


The theoretical curve, normalized to experimental, is an impulse-model calculation’ 
b) Pion momentum spectrum from the sum of the reactions K”+*He > Y*+x7+?H. 
The theoretical curve, normalized to experimental, is an impulse-model calculation. 


The pion momentum distribution from (1) is shown in Fig. 3a and that 
from the sum of (2) and (3) is plotted in Fig. 3b. Also shown for comparison 


| are the impulse model spectra (#5), normalized to the total area of the histo- 


(6) J. Lerrner and S. LicHTMAN: Nuovo Cimento, 15, 719 (1960). 
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cram. We see that the © events are more or less in agreement with equivalent 
« phase-space » whereas the pion distribution from the A events is considerably 
broader than the predicted spectrum. This experimental result is in quali- 
tative agreement with the model consisting of a superposition of two basic 
types of interactions, impulse plus isobar. The impulse peak is narrow (spread 
only by internal motion of the nucleons in #He) and located near the maximum 
possible momentum (corresponding to the elementary reaction K+N->-A+7), 
whereas the pion spectra from (1’) is expected to be broad and centered at a 
considerably lower pion momentum (~ 200 MeV/c), due to the energy ab- 
sorbed by the recoiling Y* and *He. 


5. = join ot Ne 


Day and Snow (7) have indicated that the Stark effect causes predominantly 
s-state absorption of K~-mesons in 4He. The simplicity of s-state absorption, 
and the zero spin of ‘He allow us to make a direct spin determination of the Y*. 


In the absorption reaction K~ + ‘He > Y*+ He, the total angular momen- 

tum J equals zero. Picking our axis of quantization as the direction of the 

Y*, we note that angular momentum conservation requires that the magnetic 

uantum number my. be +4, independent of the spin S, of the Y*. There- 
\ 2a ] xi 

fore, for Sy = 3, we have an aligned 


N+r-+ He state present, and the decay angular 

P3xe 2200 MeV/c distribution can be simply shown 

12 SIE | to be 1 +3 cos? 0*. Whereas if 
à / S, = 4, each possible magnetic quan- 


tum state is equally populated, and 


0.4 


the corresponding angular distribu- 


tion is isotropic. In the above, 6* 
is the angle (in the rest frame of 
the Y*) that the A makes with re- 
spect to the Y* direction. 


Fig. 4. — Angular distribution of the A 
in the rest frame of the A-7 system. 
for the 30 cases with pan 200 MeV/e, 
in the reaction K~-+4He + A°-+-7-+ 3He. 


No. of events per A (cos 0) 


The expected angular distributions for 


0 i 


PARA CAES Er 
se 9 6 +1.0 and 1+3 cos? 0* are given normalized 


to the experimental data. 


! Sy=3 and ÿ, respectively, i.e., isotropy 


(7) Ty? B. Day and G. A. Snow: Phys. Rev. Lett., 5, 112 (1960); T. B. Day: Nuove 
Cimento, 18, 321 (1960). 
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In order to assure ourselves that the cases of reaction (1) which we examine 
to determine S, are indeed due to Y* formation, 7.e., reaction (1’), we have 
limited this analysis to those events having a *He momentum >200 MeV/c, 
a momentum beyond which the 


equivalent « phase-space » contribu- 520 - 

tion has effectively «died off». The 480 - + A+r-+°He 
appropriate angular distributions for 440 - # 

the 30 cases satisfying this momen- 400 - n 

tum restriction have been plotted in Wa # A 

Fig. 4. It is observed that the data — à nos 

are compatible with isotropy, where- > “2 12) a 

as, 143 cos? 0* is a rather poor fit. £ Lo à tert ot ey 
Before it is concluded that J=}, —,240- * Jia rey 3 

we must take into account effects e 200 a Sethe MECS R ji 
over and above the obvious one 160 - 9 HE 

that our sample is small. The Y* Dulce et sabe ves 4 

travels a mean distance (8) of 80 - aoe 

— 1 fermi before decaying, and thus A aes 2 

the decay products A and z may be iat ET ER RE | 
within the nuclear force range of the Wy SR ioe ee NE I AS un) 
He. Hence, final state A-*He forces cos 8, 

could seriously distort the expected Fig. 5. — Scatter diagram of cos 0* vs. 
angular distributions. However, this Ps for all events from the reaction 
type of effect would most likely Kone Hee ie 


cause an angular asymmetry about 

99°. In Fig. 5 a scatter diagram of 6* vs. p for all (50) events from 
(1) is plotted. The lack of symmetry about 90° for p < 200 MeV/c is prob- 
ably a reflection of the strong final state interactions between the A and 
the *He (virtual hyperfragment) which prefers low relative A-*He energies, 
i.e., the A and *He going off together in the same direction. However, the 
data for p>200 MeV/c—the Y* region—seem to be free of this defect and 
thus, more confidence can be lent to the spin determination. A 7? fit to the 
data of Fig. 4 gives a y?= 4.0 for isotropy, with an expected y? of 4 +2, 
whereas 1+3 cos?0 yields y?=17.2. The data obviously strongly favor iso- 


tropy and hence S,= 3: 


(8) Estimated from a lifetime computed from the uncertainty principle. 
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6. — Y*=parity. 


If we accept the preliminary spin determination S,=4, and further ac- 
cept our tentative parity assignment of the K as pseudoscalar (°), then we 
can make an argument on the Y* parity. Let / be the orbital angular momen- 
tum of the A relative to the x, j.e., the internal orbital angular momentum 
of the Y*, and let Z be the orbital angular momentum of the Y* relative to 
the *He. We note that for a pseudoscalar A and S, = 4, only two combina- 
tions are possible, either 1=0, L=0 or l=1, L=1. The later combina; 
tion, corresponding to a spin-flip of the absorbing nucleon, would be expected 
to be inhibited relative to the former by the angular momentum barrier. Since 
our yield of Y* is rather large (~ 65%) the assignment /=1, L=1 seems 
unlikely. Moreover, in the spirit of the impulse model, if the elementary vir- 
tual reaction K-+.N — Y* were dominant, the Y* would be expected to have 
S,=4, 1=0 for s-state absorption. Although the above arguments are weak, 
we suggest that the most natural Y* assignment is spin 3}, odd parity. 


We gratefully acknowledge the assistance, co-operation and whole-hearted 
support of the Lawrence Radiation Laboratory staff, and in particular, Dr. E. 
McMILLAN, Dr. E. LOFGREN and the Bevatron staff, in making this experiment 
possible. One of us (M. M. B). wishes to thank the John Simon Guggenheim 
Memorial Foundation for a fellowship during the early stages of this research. 


(9) M. M. BLOCK, E. B. Brucker, I. 8. Hueuus, T. Kixucur, C. M.. MELIZER, 
F. ANDERSON, A. PEVSNER, E. M. HARTH, J: LertNER and H. 0. Conn: Phys. Rev. 
Lett., 8, 291 (1959); HetLium BUBBLE CHAMBER COLLABORATION GROUP: Proc. of the 
Annual Intern. Conference on High Energy Physics at Rochester (1960), p. 419. 


RIASSUNTO 


In questa comunicazione sono presentati risultati su una risonanza pione-iperone. 
Questa risonanza è stata studiata nel caso di assorbimento di mesoni K- in ‘He e 
l'esperimento è stato fatto usando la Duke Helium Bubble Chamber. Si è anche ten- 
tato di assegnare spin, parità e larghezza a questo stato isobarico. 
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Unitarity and the Mandelstam Representation - II. 


R. W. LARDNER 


St. John’s College - Cambridge 


(ricevuto il 25 Febbraio 1961) 


Summary. — An earlier investigation into the analyticity of the three- 
particle unitarity contribution to a scattering absorptive part is discussed 
more completely. The general term is shown to reduce to the same form 
as the three-particle term. 


1. — Introduction. 


The hope is often expressed that the use of the unitarity condition in ad- 
dition to those axioms used in deriving analytic properties of S-matrix ele- 
ments should produce yet more powerful results. It is the purpose of this 
paper to investigate to what extent this is true for the scattering amplitude. 
In order to establish some support for this view, we examine the structure 
of the many-particle intermediate state terms in the unitarity equation by 
postulating some property of the relevant production amplitudes and dis- 
cussing the effect of this on the scattering amplitude. The behaviour we po- 
stulate is in the fact that the general production amplitude satisfies a single 
dispersion relation in a momentum transfer. This, of course, is not a rigor- 
ously established property; furthermore, since the completion of this work, 
it has been shown to be violated by the simplest single loop perturbation 
theory diagram (1). However, it is instructive to see exactly what does fol- 


(1) P. V. Lanpsnorr and S. B. Treiman: Cambridge preprint; L. F. Cook and 
J. TARSKI: Princeton preprint, to appear shortly. 


47 - Il Nuovo Cimento. 
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low from so extensive an assumption, and to some extent disillusioning in the 
amount of manipulation needed to obtain any result at all from it. 

In a previous paper (?) the three-particle term was examined under these 
assumptions, and it was found that they were sufficient to enable the behaviour 
on + (the cosine of the total scattering angle) to be isolated. The singularities 
in ¢ were found and it was shown that if certain cuts associated with the func- 
tion were drawn suitably, the singularities could be limited to lying in a neigh- 
bourhood of the real axis. There were in this paper a number of unsupported 
statements needing justification; this is carried out in Section 2 and 3 in which 
is given a full discussion of the argument sketched in I. Apart from the ob- 
vious advantage of having a proof rather than an indication, these sections 
contain a list of all the possible configurations of singularities and cuts needed 
to obtain analyticity in the whole cut 2-plane, and bring to light one of the 
problems created by this investigation: that it is necessary on occasions to 
partition off the whole physical z-region by cuts from the rest of the ¢-plane, 
making nonsense of the requirement that the physical function should be the 
boundary value of an analytic function. 

This difficulty stems from two features of the problem. Firstly, as is evi- 
dent from I, the function obtained by performing the two integrations has 
infinities in the physical region. Secondly the function as defined by unitarity 
for any particular physical value of ¢ is not necessarily the continuation of 
the function defined for all other physical 2. Both of these undesirable prop- 
erties we know are not possessed by the actual scattering absorptive part, 
and so must be removed by later integrations. So also must the ambiguity 
we find at this stage as to which branch of the function to continue into the 
complex plane, and where to draw the cuts between different continuations. 
It is plausible that properties obtained from any particular continuation are, 
by virtue of the later integrations, independent of that continuation. 

In view of all this, it seems likely that a more promising approach would 
be to assume double-variable properties of the initial production amplitudes. 
Since the inception of this work, such properties have been obtained (*) from 
‘ausality and mass-spectrum conditions, making their use here realistic. 

In the final section we show that it is possible to choose a set of invariants 
in such a way as to reduce the general unitarity term to the same form as 
the three-particle term as far as the first four integrations are concerned. This 
is shown for all except the five-particle term; for this it is established that there 
can only be a very limited analyticity region on the basis of our single-variable 
assumptions. This makes the use of double-variable properties even more 
imperative. 


(7) R. W. LARDNER: Nuovo Cimento, 19, 77 (1961), (referred to as De 
(*) R. Ascorr: Nuovo Cimento, 18, 754 (1960) 
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2. — Summary of previous results. 


We adhere to the notation of I. The function obtained by performing the 
two integrations is called y; this contains the whole dependence on + of the 
three-particle contribution A‘ 
(cf. eq. (10) of I). The other 
variables on which y depends 
are as follows: 2,, 2, internal 
scattering angles later to be 
integrated over (—1, +1); <i, 
2,,, the substituted dispersion 
variables, integrated over some 
real ranges assumed outside = 
(—1, +1); A, some function of 
later integration variables, re- 
stricted to |A|<1. We write 
cos 0 =z, COS Oz 35 = 2735 4 
cosa=4À, and use the short- 
hand k(a, y, 2) = x? + y?+22— 

— 1 — 2xyz. 


b 


x is given for 2 real and |¢|<1 as an integral round the closed are (J) 
of a surface (2, referred to loosely as a torus) whose general real section is shown 
in Fig. 1. The integrand has singularities at the intersections A, A’ and B, B' 
of + with 


Fa spa Pis 35 
Ò (L 2291 — 255)? 
n Tee Zan 297 
TEE 
and the intersections with æ—= +1, y= +1 (i.e. two of the points X,... X, 


and two of Y,... Y, since these lines are pairs of the tangents to 2). 
The other pairs of tangents to » have equations 


and y= y, similarly. 
We then obtain the following coincident singularities for y: 


By ee . . = | 
as: =, +(1—2)#(1—2), a coincidence of A and A’ at æ—+1. 
For 235, CA in their integration ranges, this lies on an ellipse in the 


z-plane with foci +1 and semimajor axis |¢ 


I 
151° 
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ci: 2. = en Lt(1—/2)(1— 22), or coincidence of A and 4 267% 
150 HE AI 27 


This is independent of ¢ and for À, &; in their integration ranges gives 


le 


. . I 
two points in |2,; 


1 
3 


hc Zan = Agg + 1 — ACL 25), similarly 


Gi 


a coincidence of A or A’ with B or B’. Solving for 2 we see that this lies on 
the real 2-axis provided 2,,2, lie outside the ranges (cos (x+0,;), cos (x — 0,;)), 
(cos (x-4+-03;), cos (x—0;;)), respectively. 

There is also a degenerate singularity when pairs of tangents x = +1, 


Ÿ— 4%, coincide, given, by 


Lo 0 + Gee +" (05, Fa) = 0. 
These four points lie in the physical 2-region. They include coinci- 
+1 with y=y.,,. The intersection of a, with €,, is f, 47. 


dences of y — 


LU 


c a I È È = + a Diego SE 
By fixing + and moving ¢,, (i.e. the line È) until various coincidences oc- 


curred, we obtained the following conditions on the singularities for physical e. 


i) a, is non-singular if and only if È, is r=-+1; a_ is non-singular, 
if and only if &, is a=—1. 


pe 


li) cy is non-singular if and only if è, is a=%,; similarly for c_. 


ili) Similar results for b, d. 

iv) e is non-singular if the intersection occurs on one of the infinite 
ares of B and singular if it occurs on /. Since this singularity is at real e, we 
do not obtain more exact conditions. 


Before proceeding with the continuation of y from the physical 2-region, 
we give a list of the possible orderings of singularities. These are connected 
with the possible orderings of the singularities (f) which in turn depend on the 
ordering and changes of ordering of the tangents to XY. We denote by Posa 
the coincidence of a= +1 and w=a,,. We also use the notation (— 1, 
v., ©, +1), say, to denote the ordering — LT =o <= 1 and so. on: 

The F,,, give four points in the physical 2-region. The main difficulty 
arises because #,_, say, need not occur, and instead we may get two Fi, 
points. When all four do occur, noting that +, sa (equality occurring, in- 
dependently of z, at A=+1 or 2,=+1), the only possible tangent order- 
ings are 


2048 


iho 


~I 
oo 
~I 


UNITARITY AND THE MANDELSTAM REPRESENTATION - II 
and the orders of the F’s are 


(1) dee ee MP 


(2) LEI Ge 


or their inverted orderings. In our list of tangential orderings, the centre two 
in any ordered four give the tangents which touch J’, i.e. they decide which 
of the a.c, are singular (e.g. (—1, +1, 7_, 24) gives +1 and x_ touching 


Ar : 3 : 
1" i.e. a, and c_ singular. This corresponds in (1), (2) to —1<2z<#F, ). 
Hence 
— 1 FRE Fis = HO +] 
PEATE PLL | LAPUA LILLIE LLL 
(1) | Sai 
[ass sro °° +. es D | 
ac singular c.c_ singular a_c, singular 
a_¢, non-singular &;a_ non-singular 4,6 non-singular 
— 1 Hae (ee Py Tin + 1 
TTT 1 eo ee ee nee 
(2) et rs | 
ee I = lee = | 
ay singular a;a_ singular q_e, Singular 


The coincidences F,_, F_, are different from the F,,, #__, since they are 
due to the central two tangents coinciding, shrinking /' to zero. They are not 
infinities of y as F,,, F__ are (F,,, F_ are always due to the coincidence 
of an outside pair of tangents) and they do not influence the singularity of 
‘SRG faery Ofek 

For —1<2= Ff. and F,.<2< +1 in (1) and (2), D lies completely to 
one side of the x-range (— 1,1). Thus our definition of the physical func- 
tions as the integral over that part or » lying in the square —1<x<1,—1<y<1 
gives zero contribution in these ranges of ¢. This shows definitely that the 
defined integral at any particular + is not the continuation of the integral at 
all other physical 2 (otherwise y would be indetically zero). We see later that 
the requirements i) and ii) are not consistent with the continuability of + 
either. 

The tangents are x, = A cotÿ+B, cosecÜ 


As z varies over (—1, 1) these tangents move steadily over the interval 
(— co, co) provided |A|>|B.|. In this case, each crosses the lines r=+1 
and all intersections F,,, occur, giving either case (1) or (2). 
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If, however |A|>|B,|, æ, have turning values: 


cn = .0i=- così A PE when dt VB? Aa 
il = m = 
BA earn (cos? (8,, Fa) —1)<0, so (psig Ea e 
lag “35 


Hence, as < varies from — 1 to 1, x}, say, moves from — oo (or + oo) attains 
a maximum (minimum) in (—1, +1) and returns to — co (co). It thus 
crosses — 1 (or +1) twice and +1 (—1) not at all, giving two F,_ points 
(ie) and oo Pic. (or re): 

The possible arrangements are: 


(3) %_ moves from -+co to — co, x, returns to +co. 


(= {ap IA Po, ae tt x.) (x = dl Le, + LX 
NL Te > — 1, +1,44) 
4(— 1,æx_, +1,27.) 
Vier 
I His ES 
CU ‘He Busi Fi F_ Ary 
VPN es : — a) ae 
Le un nn a REA Sii x = | 
A a = Ca 
ax singular © A ul ki ad 
\ et he 4 7 oe 
0 > CO 


Shading indicates y= 0. 


(4) Both «_, «+ start and finish at +oo. 


(= 1, Er) Lao, +Loepeta, G4 PIL + 1, TELE re 7e) 


= a Bes Hes Ef +d 
TALL | | BI inl 
etttotttintenito ont | PTL | 
| anne |} | || = | 
ay singular Cue GC 
5 nr atorta « mic 
(5) æ starts and finishes at — co, a, at oo, 
x (Be, le L+) 
2171, #41, 24) Na, —1,7,+1) 
(=, =T1 PL") > (Lace di 7 X 
A ad nus ) (72, L41275) 
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He RER 
E, IF 
BES mne Py Fi: 

ES Fee jks F__ F__ SN 
| | | | I i | 
| = si 

(ee 
A et 
hi / AA 
A OC 4 - es. Ne 
Ay : > C46 € aa 
/ à a Xx 7A 7" i 
NX de, 4 = ae 74 
a“ A 
aa 


3. — Continuation of 7. 


In this section we concern ourselves solely with the pair of singularities a) 
and c). All that we say will apply to the pair b) and d) also. 

The results of Section 2 tell us when these singularities occur for physical ¢ 
whether in fact they are singular or not. The problem now is to discover where 
they are singular when they occur for complex +. In order to do this, we take 
CA as a complex variable, and continue from physical z on the singular sur- 
face in 2e, space. If we start from a singular point on the surface, which 
corresponds to two integrand singularities coinciding with the contour pinched 
between them, then as we move, the two singularities stay coalesced, and 
the contour remains pinched between them—so the surface remains singular. 
The only way it can stop being singular is for there to be a cut which com- 
pletely divides the surface into two disjoint parts, since crossing a cut is equiv- 
alent to allowing a singularity to pass through the contour. We note that 
our contour has no end-points, so that a pinch cannot slide off the contour. 
This discussion clearly holds, mutatis mutandis, for a non-singular part of the 
surface. 

The problem is then, to discover which of the other singularities can in- 
fluence any one singularity, and then to discover how the cuts associated with 
these singularities can be drawn. We show that these cuts can be drawn in 
such a way that the only singularities of y in the <-plane are arbitrarily close 
to the real axis. The crucial features of the singularities of y that permit this 
are that the f) singularities are always real and that 


the ¢) singularities are independent of e. Ys 
We first of all dispose of the effect of the singu- 

larities at w= +1. o E 
Lemma 1. The cuts associated with the r=+1 


singularity can be taken along the real axis from — co 
to F.. or from Fx. to co or both if there are two F,;. Fig. 2. 
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Move in + round F,,from a point P where è, is æ= +1 and &, 18 PT 


to Q where &, is w= a, and &, v=+1 (Fig. 2). The point x, describes a 
circuit round +1, the direction of its 


motion depending on whether 2 is on y; 
or y, (Fig. 3). At the same time it takes 
» with it. The contour /' starts at x. 
at P and arrives at +1 at Q. During 
the motion, we allow it to slide round 


X+forzony, 


Y; then the difference between the two 
limits at @ is that the contour ap- 
proaches the æ—+1 singularity from 
different sides. Therefore there must 
be a cut separating y, from 7. 

In I we artificially distorted / slightly 
round the x=+ 1 singularity in order 


to make the integral well-defined at 
Q. This means that the cut will occur 
slightly to one side of the real axis. If we take the limit as the deformation 
tends to zero, Q lies on the cut. 

This holds for all Q between F.. and —1 (or between F.. and +1 if the 
Q’s lie to the right of F,;,). The extension of the 
cut below —1 can be defined to be along the real 
axis. 

When the / point that we move round corre- 
sponds to the coincidence of two outside tangents, 
the two points of intersection of © with the plane 


æ— 4%, move round opposite sides of the torus as xy 
moves from 1 to x, (Fig. 4). So that when they arrive 
at x, the points are on opposite sides of the contour 
(if as shown they do not pinch it at x= 1). Hence 


Fig. 4. 


is : SLA: x 
Lemma 2. The point F,, corresponds to the coincidence of two outside 
tangents. For each point 2 of our circuit y round #,, there are values of 2. 
at which the singularities a, and e, occur. These cannot both be non-singular. 
| 
Zi at ay VOxTESponda to the line £ being at r=+1, and-at' ec. to E at 
fo eni a Vy « NA SA ps . 5 . 
æ—%,. Changing +, from a, to ce; makes the intersections £, of £ with Y 


move round 2 in opposite directions. If they did not pinch the contour at a., 


they will at ce, if they do not pinch at C+, they must pinch at a,. A similar 
result, holds for F__, a_, 6_. 


2 ‘ n > ive > n 19 1 
Lemma 3. For fixed +, there is a cut in the 2, plane attached to each 
singular point among the a,, e, through which we are not allowed to continue 


any of the non-singular points: i.e. if we start from a non-singular point and 
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move round a singular point and back again, the initial point will then be 
singular. 

Let S, be a non-singular point, S, a singular point (Fig. 5). We treat the 
case when the tangents for S, and S, are on the same side of the contour J”. 
For ¢,, near 8, (at Z,) the 
intersections A,, A; of È 
with À are close together yer Di 


and the contour is not be- Si De = A 
5 4 3 
tween them. Moving to Z, 
A ; ContourT® Az Aq 
near S, makes the A, A a) b) 
move in opposite direc- Fig. 5. — a) 2,,-plane (z-fixed). b) Paths of singularities 
tions round 2’, so that A,, on torus. 


A, are close together but 
now with the contours between them. If we move completely round S, to Z,, A, A’ 
change places. In doing this they cross J’, so that the new contour is J” to- 
gether with small circles round <A,, Ass in the senses shown. Moving back 
to Z, near S, makes A,, À, move along the paths travelled by A’, A as d, was 
changed from Z, to Z,, arriving at A,, A, still with their small circles. Clearly 
on letting Z, > 8, the singularities will pinch these circles, which do not can- 
cel out. 

This result contrasts sharply with the result for contour integration in 
Euclidean space, where two coincident singularities do not interfere with one 
another. 


Cor 3.1. F,, is the intersection of a,, ci; at any 2 near F,,, we know 
by Lemma 2 that one of a,, c, at least is singular. We are not allowed to 
follow a path on the non-singular surface which encloses the singular point, 
which is the same as the intersection with #Æ#,,. For each non-singular sur- 
face, there is a cut starting at F,,. Similarly for the F__, a_, e_ 

Lemma 4. The conditions i) and ii) are inconsistent with the require- 
ment that the function y specified by the contour /’ on one side of Pi. 
(and F__) should be the continuation of the function specified by / on the 
other side. 

Assume otherwise—/.e. that it is possible to continue from P to Q (Fig. 2) 
along some contour y, without passing through any cuts (we know that this 
*‘annot be done both on y, and y, by Lemma 1 and Cor. 3.1). As we perform 
this continuation in z, we keep 2 close to the surface a, which is non- 
singular at P. The intersections of £ with B stay close to the tangency of 
x=+1 to ©. In particular they cannot move round Z (see Fig. 6). 

We approach Q without passing through any cut, so we must deform /' 
away from the approaching singularities A, A’ (the singularity at x — 1 we 


ignore as having been disposed of in Lemma 1). Letting A, A’ coincide at 


el 
e) 
a 
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n ins “nonlar: = 0) 
= y = + 1 clearly cannot pinch / so a, remains non-singular; by Lemma 2, 


c. is singular. This contradicts i) and il). 


— des 
À X=X+ 
Contour Contour \ | 
A! A‘ A E \ à \ 
X= +] \ X=X 4 
X=X4 El )X=+1 x=u\\8 
a) b) Cc) 


Fig. 6. — a) Initially at P. 6) Half-way round y,. c) Near Q. 


So y consists of five distinct branches of an analytic function, one for each 
of the segments into which the four F-points divide the physical region. The 
problem is which branch to continue to complex e, or where to draw the cuts 
between different continuations. We would like to be able to draw them so 
as to eliminate complex singularities, i.e. to limit the region in which a, are 
singular to the real axis, or some neighbourhood of the real axis (since all the 
other singularities are either real or independent of 2). 


Lemma 5. It is possible to draw the cuts so as to make y analytic except 
in an arbitrarily small neighbourhood of the real e axis. 

Consider first case (1) in which F,,< F__, so that for F,,<2< F__ 6. 
are singular and a, are non-singular. We now draw out cuts just above and 
below the real axis from — oo to F,, and from F__ to +00 (Fig. 7a). Then the 
singular parts of the a, surfaces are limited to the ¢-regions between the cuts 

i.e. to a neighbourhood of 


00 RE niet the real axis. 

a) / 

lice vi = AQ 
a, singular à a. singular When Fis = JR. — (case 


(2)) we do precisely the same 


b) za Li po fh HA aa AS thing (Fig. 7b). The function 


aysingular F__ “ay singular F, 4 a. Pa we take for 5e is now not the 


continuation of any physical 


value of y. It is, however, 
C£ singular the natural continuation in, 
EN ay singular = - singular say, the variable À from case 
Aa Saba oz (1) to case (2). The relation 

Ricci between the values of y in 

the two half-planes can be 

even when in case (2) the two regions have 


obtained by continuation in À also, 
no line in common. 


The cuts obtained in Lemma 1 are taken inside these cuts. 
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What this means can be seen as follows. In case (1) we fix 2 at a point 
where we know a, are not singular. By Lemma 3 we know that there are 
cuts attached to the points e. in the Zi plane, through which we cannot con- 
tinue the a,. We continue in (e, Zs) near to the a, surface, say, to that 2, 
moves first round one side of ec, then round the other side (Fig. 8a), in each 
case ending near the cut (at Z,, Z, respectively). During this, moves round 
F,, (Fig. 2). Along Vi; y, the integrand singularities A, A’ stay near to the 
tangeney of «=+1 with 2, which moves round 2 the direction in which it 
moves depending on which of y,, y, we move on, as in the proof of Lemma 1. 


v di 
2 
o, i E een 
Za 
Vp 
y 
a) Fe 


Fig. 8. 


So the difference between Z, and Z, as far as a, is concerned is that the two 
singularities À, A’ are together on one side or the other of the contour. The 
cut from €, is thus a double one, in the sense that passing over it corresponds 
to two integrand singularities passing through the contour. It is quite per- 
missible to split this cut into two (Fig. 8b) corresponding to the two singu- 
larities passing one at a time through the contour. Between the cuts, say at Z;, 
A and A’ are on opposite sides of the contour for + at a,, which is therefore 
singular, and similarly e, is non-singular. 

We have to choose the region between the cuts to include on the a, surface 
the physical ¢-region between —1 and F,,. We choose it to be small, and 
to contain the real z-axis from —1 to — oo. 

Two loose ends remain. Firstly we must discuss F,_ and F_,. We have 
seen that they are not infinities of y and that they do not influence the pres- 
ence of other singularities. So if it were not for the fact that y as defined 
is zero in the physical region outside (F#,_, F_,), we could, forget about them. 
The simplest solution is merely to separate off the offending region by cuts 
starting at F,_, F_, and going to — co, +00 respectively, inside the cuts of 
Lemma 5, and to allow > to be identically zero inside these new cuts. 

Secondly, when there are two F,;,, say, we can proceed in exactly the same 
way, splitting the cuts from the F’s so as to limit the region in which the a, 
are singular to strips about the real axis; e.g. in case (3) we can have 
i= fea i= f= i .4.=—1,-50 we take cuts as in Fig. 7c. Again these 
cuts overlap if there is no real axis region with both c, singular. 
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4. — General unitarity terms. 


The n-particle term in the unitarity equation is given by 


"n+4 n+4 \ 
ATI mi) déprco (Pi +p.— > Pa): 
k=5 VT 


MI (Oy, Dos Ds «© Data) MP Da D Pe 


We perform the p, integration by means of the energy-momentum conservation 
ò-function, then transform each of the other integrations to integrations over 


invariants by means of the variable changes: 


(1) 2 


(19) DD, = rd da; 8, = (et Pe SIAE 


5, 7, .... n +4), 


(k= 


where p}, p will be chosen later. If we take the centre of momentum frame 


of the ingoing particles, so that 
Pr = (Br, dr) : jon — (E° ql) (2 == 2), 


the transformation Jacobians become 


2 (1) (2) 
5 Ur ie Ti ie x 
€ 2 (2) 3 
| GO Die Sia) \ 
: È = ur ee (1) (1)2 (1) (2) 2 
A \ = À 812 In" Vk x Gig SiC — Lî 
12 bY k Jr ‘x k 9 
lew, 0 Pra) 
. 62) (hy. tb 12)2 
Ge Vie Ge Ue qi. 


say, (ci. Appendix I of I). 


We can now integrate out the Ô-funetions, except Ô(p; — mi), leaving 


de n +4 3 (1) (2) 
dt 5 : ds, ds, de} here by ! we ‘ 2 
40 =| M*M,8(pt — mi) TL EE Ste tat by LI we mean i 
ni D, k — 6 term is omitted 


N a > à ic T iF i i 
The problem is now to choose the Pi in such a way as to make (p?— mè) 
7 . . . : iy i 4 £ 
and the D, Simple. This is solved by the following choice for nS4: 


(GDS (2) 
D = — D anna 10 1e 2) À 
Ps Pis Ps Ps, Py =P, ner: as in I; 
De n p poli ) 1 (1) si k—1 
== Ds n =D; € = Le (2) _ = 
8 si Ds Pr; and PS Pee Pay = Pe te ae 
5 


IN Sete merece cnn ae wi SRE 
l'his gives a complete set of invariants for M, and M, (i.e. there are 4(n +2)—10 
variants for each function, and they are clearly independent sinea etront 
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definition, they allow an inductive construction of the system of momenta). 
In terms of these invariants we have 


pi — mi = (53 — D' Ex] = [ yi CRA — mi. 
The terms of DS | are 


(gs + 0) = ® + 9, + 245%; 
n T4 
2(q5 + Q)° > de = 2m + mì + m2 + 2E (BE, + E.) — sp — st + 


8 
k=8 
n+4 


De L 2m + mi + mî + 2(E;E,+ BE, + E;E;) — s — 295° 9; | $ 


n +4 ty n+4 4 
DIA AIA 
Re k=8 


ee i € 9 
Noting that E, = (1/28?,)(s.+m?2—<s,), g = Eî— mì depend only on the 
S,, we see that we can write 


pm = A+ 2(n — 5) 45°0;, 


where A depends only on the s,, and s\”, s? for 1>8; in particular the de- 


1 7 
pendence of pj— mj on s and s? comes only from g;:9;. Introducing 
2s; = COS (qs, M), for n~5 we have p>— mi = 2(n — 5)qsq,(A™ + 257). 


It is easily seen that the dependence of the D, (k>8) on the s,?, s,° also 


occurs through q;:g;, and this can be substituted for directly from the 6-func- 
tion. We note also that with this choice of invariants the total Jacobian is 
the product of the separate Jacobians. Thus, after transforming the s{°, s? 
integrations to integrations over 2,;, 23; and 2, 2, as in I we are left with 


n +4 (1) (2) 
(20) AD = |a poo" M" II ds, a ds, ie de 


DURO o(A® al #5) dei d&3; des, dz; 7 


(= 5)S12 VA, 210, Zan) (2 2er Zar) 


where we introduce a factor 2"-1 since each of the transformations (19) is 2 
cogli Wetalsotwrive e = — 22. 

Comparing this equation with eq. (8) of I it is seen that as far as the 
first four integrations are concerned A‘ has precisely the same form as A‘? 
for all n>4 except n=5. Thus any conclusions reached for the three-par- 
ticle terms based only on the discussion of these four integrations are imme- 
diately valid for the higher terms provided the assumptions on which they 


i 
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are founded are also made for the amplitudes Mj)”, My” appearing here. In 
particular if we assume M}, Mf” to be analytic in the cut planes of the va- 
riables 2,5, 2 respectively (with real cuts), the results of I tell us that A” 
is analytic in the cut ¢-plane. (To show this we only, in fact, perform two 
of the integrations, although we do use our knowledge of the ranges of the 
other integrations. ) 

There remains, then, the five-particle term. In this the argument of the 
6-function is independent of the last four integration variables. This in itself 
is a simplifying fact, except that it does not allow the ¢;, dependence of the D, 
(k>8) to be removed. However we can readily draw one conclusion; the end- 
points of the <,; integration are the roots of k(2, 235, %5;) =9, so that if MP 
has a singularity at 2,—2;, A® will have an end-point singularity where 
k(2, 235, 5) = 0. For 2, real and greater than unity this singularity maps 
out in the +-plane an ellipse with foci +1 and semi-major axis [2,,| as 2,5 
covers the interval [—1,1]. This singularity is certaintly present, since it is 
of end-point type. There will always be a fixed minimum real z,, at which 
M has a singularity, so we will always be confined within some ellipse, and 
no amount of iteration of the unitarity equation will allow us to extend the 
analyticity domain for A® beyond it. 


I am indebted to Dr. J. C. POLKINGHORNE for continued help. I would 
also like to thank Dr. R. J. EDEN and Professor S. B. TREIMAN for discus- 
sions on this work. 


RIASSUNTO (*) 


Si discute con maggiore completezza una analisi precedente sull’analiticità del 
contributo dell’umitarietà di tre particelle alla parte assorbente dello scattering. Si 
mostra che il termine generico si riduce alla stessa forma del termine a tre particelle. 


(*) Traduzione a cura della Redazione. 


IL NUOVO CIMENTO Vous Xx NSA 16 Maggio 1961 


Transformations of Relativistic Two-Particle Equations. 


E. ERIKSEN 


Institute for Theoretical Physics, University of Oslo - Blindern 


(ricevuto il 6 Marzo 1961) 


Summary. — It is shown that relativistic two-particle equations like the 
Breit equation and the Hermitian part of the three-dimensional Bethe- 
Salpeter equation, in the ¢.m. system can be transformed to new canon- 
ical forms which are generalizations of the Foldy-Wouthuysen-Tani 
representation and the Cini-Touschek representation, respectively. The 
expansion of the transformed Hamiltonian is in powers of the inverse 
momentum. In the case of particles with equal masses also an expansion 
in powers of the electric charge is made. 


1. — Introduction. 


In the last decade there has been an increasing interest in certain new rep- 
resentations of relativistic wave equations. The reason is partly that com- 
putations may become simpler in the new representations, partly that the 
transformed equations in a more direct way exhibit the particle’s properties 
in the non-relativistic and the ultra-relativistic limit. 

In the well-known Foldy-Wouthuysen (!)-Tani (?) (FWT) representation 
the Hamiltonian for a free fermion is H=fE, = B(m?+p°). The Dirac ma- 
trix B is a constant of the motion, which represents the sign of the energy 
In the non-relativistic limit this Hamiltonian and Dirac’s Hamiltonian are 
equal. In the case of external fields, a sequence of transformations can be 
made, making B to be a constant of the motion to any order in the inverse 
mass. This expansion is obviously restricted to weak fields and to non-rela- 
tivistic velocities. The dominating part of the wave equation is essentially 
Pauli’s equation for spin + particles. 


@) IL. I. Forpy and S. A. WournuysmNn: Phys. Rev., 78, 29 (1959). 
(2) S. Tann: Progr. Theor. Phys., 6, 267 (1951). 
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A similar expansion for relativistic two-particle equations has been given 
by CHRAPLYVY (3). He showed that the Hamiltonian for particles with unequal 
masses can be transformed to an even-even matrix to any order in the inverse 
masses. It was however found that the case of equal masses represented a 
singularity, giving an infinite expression for the transformations which remove 
odd-odd terms. When the less stringent requirement of an upper-upper sepa- 
rating transformed Hamiltonian was introduced, CHRAPLYVY was able to re- 
move undesired terms to any order in the inverse mass. 

In the Cini-Touschek (CT) representation (*°) the sign of the energy of 
a free Dirac-particle is given by «,=ap/p——y;0,, where y; represents the 
chirality and o, the helicity =op/p. The Hamiltonian is H=«,#,, which is 
equal to Dirac’s Hamiltonian in the limit of vanishing mass. This repre- 
sentation is—to the author’s knowledge—not generalized to interacting 
particles. There seems to be different possibilities for generalizations, depending 
on whether the expansions are made in powers of 1/p or in powers of the 
coupling constant, say, and depending on whether one wants to have oc and 
al! or y; and y; as constants of the motion. 

In. the case of a single particle in a static field, PURSEY (7) has made an 
expansion in powers of the mass with y; as a constant of the motion. | 

Recently ERIKSEN and KOLSRUD () have found certain transformations 
for a fermion in an external field, giving an even Hamiltonian as a series 
expansion in powers of the coupling constant. 

In the present paper we shall be concerned with relativistic two-particle 
equations like the Breit equation and the Hermitian part of the three-dimen- 
sional Bethe-Salpeter (*) equation. These equations will be transformed to 
new canonical forms in the center of mass system. These are generalizations 
of respectively the FWT-equation and the CT-equation. The Hamiltonians 
are series expansions in powers of the inverse momentum. In the case of equal | 
masses the expansion is also made in powers of the electric charge. 


2. — Notation and classification of terms. 


The transformation method which will be used is not contingent upon any 
special type of interaction between the two fermions. However, in order to! 


(*) Z. V. CHRAPLYvY: Phys. Rev., 91, 388: 92, 1310 (1953). 
(*) M. Cini and B. TouscuzK: Nuovo Cimento, 7, 422 (1958). 
(5 . K. Bose, A. Gampa and E. C. G. SUDARSHAN: Phys. Rev., 113, 1661 (1959). 
(9) P. Y. Pac: Progr. Theor. Phys., 21, 64°; 22, 857 (1959). 

() D. IL. Porser: Nucl Phys., 8, 595 (1958). 

(?) E. ERIESEN and M. Korsrup: Suppl. Nuovo Cimento, to be published. 
(?) E. E. SALPETER: Phys. Rev., 87, 328 (1952) 
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explain notation and classification of terms, let us write down the equations 
which we shall have in mind. The Hermitian part of the three-dimensional 
Bethe-Salpeter (°) equation reads 


(1) i = (HS + HP + ELA + 4, V,L)Y, 


where H,= f'm'-+a'p', 
Il pi] I TR gi i 
dea px, 
I LI E I 
Age eset Ol Ci. 


A, ==, 1, sien of Hs 


V, is the Breit interaction term, 


If the sum À,+1, in the anticommutator is replaced by 2, we obtain the well 
known Breit equation, 


(3) t— = (Hi + Hy + V)¥. 


| Units are chosen such that h=c=1. Quantities referring to each of the 
two particles are labelled by roman numbers I and II, respectively. The wave 
function has sixteen components Y,, with k, K=1,2,3,4. The lower case 
| subscript refers to particle I and the capital one to particle II. The Hamiltonian 
} is composed of terms which are direct products of Dirac matrices, labelled 
by I and II, respectively. When a matrix is single, the direct product with 
the unit matrix is understood. When a matrix w'o" acts on Y, the first matrix 
acts on the index & and the second matrix on the index Æ. Any Dirac matrix 
i labelled by I commutes with any of those labelled by IT. 

Let us choose a quantity (say 1/p or e'e”) to characterize the order of 
| magnitude and let us express the Hamiltonian as a sum of terms of increasing 
i order: 


(4) H=H+H + (66h + (62h + (LE) + (PA), + 


| The lowest order terms are the operators H' and H", which are assumed to 
}commute. The partition of the remaining terms is made by means of the 


48 - II Nuovo Cimento. 
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operators 
I 
À = H'/E', where E' =|H|, 
È I | II 
ASTRI, where ET | 


Any operator, F, can be written as the sum of four parts, 
F = (€@) + (@°%) + (LE) + (A), 


where (@@) commutes with X and 2", (€.7) commutes with 4° and anticom- 
mutes with 2", and so forth. 

(6€ ) = F0 (4,04, Ph] 

(Es) = HAT, [45, Fle 

(LE) =F AA", (4, Fle 

(7.0) = fe A"[A", (4, F]] - 

This way of classifying terms is quite analogous to the classification in 
terms of even-even, even-odd, odd-even and odd-odd operators. In fact, if 
we let the inverse masses determine the order of magnitude, we have, 

H = Bm H" = B'm" 


DI = oi jue =p 
and 
H=Pm + pm" + (CE) + (€0), + (@€), + (00), +... 


Let us write down the four types of terms in the following cases: 


a) Order of magnitude defined by e'e''. 


H’ = p'm' + a'p' H° = B'm + alp 
ASH A CS 
Breit equation: 
(5a) (86 jh = VE = RATA Vee 
(50) (ES) = VI = HAT, LA, Vale | 
(5e) CARA GRAVA 
(5d) (Ad = VF = AAA, (A, |]. 


. 
. 
| 
Higher order terms are zero. 
! 
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Bethe-Salpeter equation: 


Do) (CC )\= TENUE 
(65) (CA) = HAVE 

(6c) (ALE), = 44" Ve 

(6d) (AA) = 0. 


Higher order terms are zero. 


b) Order of magnitude defined by 1/p' and 1/p". 


Tee er Lt) my ee IB ea 
H == A p 3 H == OY P : 
Th! TRES 
ap a p 
ee PUNE AE ve 
je = Xn = . pa == Ù%, = ae 
p p 


Breit equation: 


(Ta) (66 h = per = Han [æ [æ, PT 
(7b) (CA) = MPA VI = + aa, (VT 
(Te) (LE ), = mp + Vi = mp + tac, (on, V.ll4 
(7d) (LP), = Via CASIO 
Higher order terms are zero. 
Bethe-Salpeter equation: 
(8a) (CE =} + a) VS, 
(8b) (CL) = mB" + pal V4, 
(8c) (LE), = MP +Ea, Vi”, 
(84) (SA), = 0, 
(8e) (CE ),= 2 MAS a pa] 4 È m"|p" Li és 
2 A pr’ B fr | 4 È DG B ta) 


and so forth. 


3. — Transformation theory. 


We consider a Hamiltonian where the terms are ordered and classifled as 
explained above, 


H = H'4H"+(€6),+ (Ed) + (VM), + (7.2), + higher order terms. 
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=A 


In addition to the assumption, [H’, H"]= 0, we also postulate a much 


stronger condition, namely 
(9) (HE) 
1.6. [A == |E = LE, 


2 
? 


which we take as our system of reference in 


In the center-of-mass system 
the following—we have 


i.e. the condition is satisfied when the expansion is in powers of 1/p. 
If the expansion is in powers of the coupling constant e'e”, the condition is 


(B'm" + alp)? = (B'm" rer ap}, 


ie m=m". 


Let us examine whether there exists a transformation which converts the 
Hamiltonian 


H= (+4) B+ (€) + (EL), + (LE), + (SA), + ... 


to an operator which is of the @@-type to first order. We make a transformation 
generated by the first order Hermitian operator $,. 
= exp[iS,]H exp [—78,] = 
= (A +A) E + i[S,, XE+4"E]+ ($C), + (C7), + (MF), + (HA), + 
+ terms of 2nd and higher order. 


We get the following three equations, 


(10a) i[S*, XE+A"E]+(@€2),=0, 
(10b) i[ SY’, AH + A" EF] + (SE), = 0, 
(106) iS", VE + AH) + (ft), = 0, 


where the operators Sy’, Si and S%* are respectively the &.7-part, the €-part, 
and the æ.27-part of S,. 
Eq. (10a) is satisfied by 


(11) se 
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which can be seen as follows: 


TI ie 
ipse, ne + et 5], À | B+ IE) = 
Eo DS ] I 911\2 IEEE L Tel I] ni 
TAI EA) ass (CL), (A+ NE + 
1 I II 

GEA E 

1 I 4 2II)2 de. Ie (Gg 
nm, ai À) zU IM IAA 

1 1 
= lm: (+ AA) 1 + MEM) = — (CA, ded. 


Then, eq. (105) obviously has the solution, 


(12) Sa — 1 AC), A +"). 


E 


As regards eq. (10c), we can easily derive a necessary condition for Sî° to 
exist. Multiplying from the left by the operator 1— 2'4", we get 


Se eA A Aiea ale A Aim). 
(MIA 


This equation is satisfied only when (7-2), contains the operator 1+/°A" to 
the left (or right). Thus we have to postulate a weaker condition on the trans- 
formed Hamiltonian (as was also CHRAPLYVY forced to do because of the 00- 
terms). We require the transformed Hamiltonian to be an operator which 
can be expressed as 


(13) HY = (@@) + (Ja )A—- 1A") 
(This is equivalent to requiring the transformed Hamiltonian to commute 


with (1+4')(1+4") and with 44°.) 
Then eq. (10c) is replaced by the equation, 


(14) US ARP ROIO 4A= 
a solution of which is 
; È 
(15) Sf " (A + 2 Jexp [Er|{.Z.#) exp{EÆETtl|dr. 
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~1 
on 
rs 


This can be seen as follows: 


0 


BS a week) teu Ay ob (ee Al (ASSI 2)| exp [Er](72), exp [Er] dt, XE + MVE 
0 
=== AGE ae fer [Ex] #7), exp [Ht] dt Hh — 
0 
qu Wu el exp [Et] (1-27), exp [Ht] dt = 
0 
= MS A 12") | {exp [Et |(07A), exp [Ht|H+E# exp | Et] (AA), exp [Et ti} Le 
0 
: | \ 1 MO HMA 
i AA) d{exp [Ht] vx), exp [Et]}}= — 3(1+24)(ZZ), 4.e.d. 


To this solution we can add solutions of the homogeneous equation, 


Se, KES ae yes E] S| : 
1.4. ASMA, 


Y® being an arbitrary Hermitian .7.9-type operator of first order. We shall 
not introduce any generalizations of this kind. 

By means of the generating operators above, the undesired terms of first 
order can now be removed from the Hamiltonian. By a sequence of further 
canonical transformations the Hamiltonian can be brought to the desired form 
to any order. 


At any step, the generators of the transformations are given by 


4 A2 L un 

16 Sac —| (¢ 2 
( )) n 4 ( L) ns E |. 

n 7 j : XL gu 
(17) D ni (ZE }x i E | 

0 

® aa i ge 

(18) Ser = — rad + A") [exp [Ht]|( AoA), exp[Ex]dr, 


where (6.7),, (V@), and (.27.27), are the lowest order undesired terms. 
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To second order the result is 


(19a) NEI Heer eee 6 CAE 
aye 9 
(19) + ip C+ Le] a+ a+ 
Ò Le ate 
0 
1 2 
(19€) al (CE : exp [Ht]( V7), exp [ET]dr| (4! + 17) — 
Le J + 
RE À aM | 
I —— (CA) —(6 2 AMA — ANAM) = 
(19d) 11 À) = (€: at CRIN a ae NA) A 
1 
(19e) + 5{(@A), + (a )}( — AM). 


We see that this operator is of the type given by eq. (13). The quantity 2'4" 
is a constant of the motion. If we put 


(20) (i) 07 


the terms containing the factor (1—2'2") on the right-hand side can be re- 
placed by zero, and the Hamiltonian becomes a @@-type operator. This per- 
mits us to put 


(21a, b) AMAT De VIN 
It should be noticed that for the Bethe-Salpeter equation with e'e' as 


expansion parameter, the transformed Hamiltonian is by itself a @@-type 
operator to the order considered: 


(22a) AY, = VE + ANH + (CO), + 
(225) azar 

3|P o 

1 { À' = Ae 2 | 1711 
(226) A GE) + 40: (AO A — aan). 


Then, 2 and 4" (which are operators for the sign of the free particle energies) 
independent of each other can take the values +1 or —1. 


4. — FWT- and CT-transformations for two interacting fermions. 


Our starting point is a transformed Hamiltonian of the type 


(23) Be Ee DEC) PEZZA), 
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where 

(24) AAs =e A} = AP =, 

(25) [(@@), À] = [(@@), 45] = [(7 7), AT+ = [(#2), pied 


By means of an additional unitary transformation, 2‘ and 2° can be trans- 
formed into various types of new operators. Of special interest are the trans- 
formations 

23 = B È Ie — 6" 
and 
À > o,, À >a, 


giving a generalization of the FWT- and the OT-transformation, respectively. 


a) Expansion in powers of ee’. In this case we have 


p mM + «p i m_ a} ‘P 
E i ì E i 


GEIE À — 
In order to get a representation related to the FWT-representation we choose 
a transformation U=U'U", where U' and U" are free particle FWT-trans- 
formations, 


Di — E+ m+ B'a'p We E+m— b'ap 
V2E(E +m) ” \ 2E(E + m) 


Then the (@@) term is transformed into an even-even term, and the (.7.7) 
term is transformed into an odd-odd term. The transformed result is, 


H'— BE + BYE + (&E) + 4(00)(1 — BB"), 


where 
(EE) = U(EE)U*, (00) = Ut A) U* 
Putting BB" =1 and making use of eq. (5), (6) and (19), we get the following 


results to second order: 

Breit equation: 

‘ 7 iV {jal 
26 oS Ee Se (ee 
( ) B À p E 4 (66) s|E 


+ 


OST (08) (B+ pM) + 


0 


1 
rae (00), exp [Et]}(00) exp [Er|dr| (B'+ 8°). 
[| È + 
Bethe-Salpeter equation: 
(27) Has = PE + BE + (EEE + py + sp CO + aus) | (8 + B™). 
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In these expressions, 


(66) is the even-even part of UV,U*, 


(60) is the even-odd part of UV,U*, 


and so forth. 

In order to obtain a representation related to the CT-representation we 
want to have 4° and 4" transformed into the operators « = (1/p)a'p and 
x = (1/p)x"'p, respectively. This is done by the an formation f= or" 
where 7" and 7" are free particle CT-transformations, 


BED, ppm 


TI Losi 


qu _ E + pP+ayB mm | 
V2E(E + p) V2E(E + p) 


Making this transformation on the Hamiltonian (23), we get terms which are 


classified by means of the operators «, and #,. Putting xja! —1, we get re- 
sults which are quite analogous to (26) and (27): 


Breit equation: 


7 ie ial 
(29)  H,=@E+aiE + (€¢) 4 sp (Cf)® + (AO (oi + oft) + 
8|E Dì 
0 
] 
+3 (( SA), fexp [Et](.4.2) exp [Brae] (a; + at). 


Bethe-Salpeter equation: 


a a ial 
(30) Hy = a B+ ol B44. (6) (ol, + a) ala (GA + (AC) 
4 J2 


In eq. (29) and (30) the notation is: 
(CCE x ane. CVT |-)r, 


(31) i 


DI 


(CD \ = Toa (ale, IVI*])b, 
(AE a {os eet |), 
LACAN. ( 


(Aa) = } SM VEL E 


b) Expansion in powers of 1/p. In the transformed Hamiltonian (19) 
the expansion is now in powers of 1/p. Then we have 


HEC IRE i == pe, 


069 


9 
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Without further transformations, the Hamiltonian represents a generalization 
of the CT-Hamiltonian. Putting «o'/=1, we get the following results from 
eq. (7), (8) and (19): 


Breit equation: 


Teele! FAO Ya | 
(32) H, = a'p a"p+ VS + ae (a + VEY] +) 
n sp es Ve Same male (2 es) 
0 
mî I LUN] | TAA Ê i V44 exp [1 1 I x") 
ALOE exp [pt] V5" exp [pr]dr| (x, + % 


Bethe-Salpeter equation: | 


Jaco 
CRAIG NE ee 


Li e rene a (1 es Welt a PIO 
tal (Vr + 9] +7 
32 |P 4 4 |p Pay one SINO, ra | 
m |1 m? | 
AIT CA- DI » AC RS CI ee | 
gl, Va 410, Perle eee, 
8 |p i 277 | 
In these Hamiltonians we can put | 
[eee Te Ras I Ty ele ry | 
«=a,=1, 16 .ap—ap=2p, 
or 
I DI . 1 Il ‘ 
Coe, = ? Le. ap —@ p = —2?. 


The meaning of the symbols V{°, V5, V£° and V4 is evident from eq. (7). | 


RIASSUNTO (°) 


Dimostro che le equazioni relativistiche a due particelle, come l'equazione di Breit 
e la parte hermitiana della equazione tridimensionale di Bethe-Salpeter, nel sistema 
del centro di massa possono essere trasformate in nuove forme canoniche che sono 
rispettivamente generalizzazioni della rappresentazione di Foldy-Wouthuysen-Tani e 
della rappresentazione di Cini-Tousehek. Lo sviluppo dell’hamiltoniano trasformato 
si effettua in serie di potenze del momento inverso. Nel caso di particelle di massa 
uguale si effettua anche uno sviluppo in serie di potenze della carica elettrica. 


(*) Traduzione a cura della Redazione, 


2070 


IL NUOVO CIMENTO MOD eX Oxy IN 564. 16 Maggio 1961 


Correlation Theory of Stationary Electromagnetic Fields. 


PART III. - The Presence of Random Sources (*). 


P. ROMAN (*) 


Department of Physics, Boston University, Boston, Mass. 


(ricevuto il 10 Marzo 1961) 


Summary. — The previously developed correlation theory of stationary 
random electromagnetic fields is extended to the case in which the fields 
interact with stationary random charges and currents. The basic field 
equations are deduced and are found to be second order partial differ- 
ential equations. An analogue to the equation of continuity is derived 
and some illustrative examples are discussed. Wave equations, which 
are of the fourth order, are deduced for the electric and magnetic cor- 
relation tensors. The theory presented in this paper may have various 
applications for the theory of plasmas. 


1. — Introduction and notation. 


In recent years considerable success has been achieved in formulating rig- 
orous laws for the propagation of the second order correlation functions 
related to stationary electromagnetic fields (1°). 


(*) This research has been supported in part by the Electronics Research Direc- 
torate of the U.S. Air Force Research Division, Air Research and Development Com- 
mand, under Contract AF 19(6°4)-81 22. 

(**) On leave of absence from the Department of Theoretical Physics, University 
of Manchester, Manchester 13, England. 


(1) E. Wozr: Nuovo Cimento, 12, 884 (1954). 
(2) E. Wozr: Nuovo Cimento, 13, 1165 (1959). 
(3) E. Wozr: Contribution in Proc. Symposium on Astronom. Optics (Amsterdam, 


1956), p. 177. 
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In particular, in two recent papers (15), Roman and WOLF derived a set 
of basic second-order differential equations which govern the space-time be- 
havior of the correlation tensors. They also discussed the symmetry properties 
of these equations and derived from them various wave equations and a number 
of conservation laws (*). These studies have been carried out in the frame- 
work of free fields, i.¢., the fields are considered in regions in which no charges 
and currents are present. 

The aim of the present paper is to generalize the results of paper I to the 
case in which the random electromagnetic field is coupled to random, station- 
ary sources. The consideration of this problem has considerable importance, 
because its results may ultimately be utilized for the study of the propagation 
of electromagnetic fields in plasmas and for the study of the plasma radiations 
themselves. We may think, in particular, of using the theory for purposes 
of plasma diagnostics. 

The electromagnetic correlation tensors have been defined in paper I as 
follows: 


CPE Ae, rea = a ce er t+) E(x, DO 


H (Xi Xe) T) = <H,(x,, t+1) HE 
(Let) 
Gin (%1, La, T) = Er, t+) Hy (x2, t)> , 


~ 


PR Nos €) = ARs RAM ETES 
Here <...) denotes time averaging, and £; and H, are the analytie signals asso- 
ciated with the electric and magnetic field components, respectively. The 


tensors (1.1) satisfy the following symmetry relations: 


Eye (X1) Los T) = Ops (Xe) X1, —T), 


jk 
9 yp D 
(1.2) LANCE Xx, T) = Hy j( Xo, Xi, — T), 
oe (1, x, T) = Gus (x2, A1, —T) . 


In addition we now define a charge correlation scalar and a current corre- 
Lou tensor in une following way. Let the real charge density be o°”(x, t) and 
define the associated analytic signal by writing the complex charge density 


= Cr) int) 
0 = 9+ ip), 


(4) P. Roman and E. WoLr: Nuovo Cimento, 17, 462 (1966). 
(°) P. Roman and E. WoLF: Nuovo Cimento, 17, 477 (1960). 
(‘) In the following we shall refer to ref. (4) as Paper I. 


i Formul r is paper 
will be denoted as (1.3.11a) ete. Tee ROME ts 


À ns Less 


| 
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where 9 is the Hilbert transform of o. Then define the charge correlation by 
OL —— * 
(1.3) DUNT hay TOA, PET) (Ka). 


In an analogous manner, with i”(x,t) the real current vector and i the 
associated analytic signal, the current correlation tensor .%;, is defined by 


(1.4) Pig Xi Xa, Tie dla. tem), (Xp. O0 
By using formula (I.A.VI) it is obvious that 
(1.5) LA CIANI 20 t))?> ; Spf (ata 0) ZII (7 t))?5 3 
i.e., in the limiting case Y and ¥ are simply related to the mean square value 
of the charge- and current-density respectively. 
Because of the assumed stationary nature of the problem we immediately 
obtain the symmetry relations 
(1.6) Giorni ACI ta), (ter = Ix;(%23 Xi, —T). 


For notational convenience, we further introduce the auxiliary correlations 


Xx; (Xi, Los €) = Ex, Ne t)>, 


(est) Vix(X1, X25 T) = (E(x, t+T) Ù (X2, t)> ’ 


Nin(&1, XT) = (H;(xi, HT) a (x, 1)». 


2. — Derivation of the basic field equations. 


The Maxwell equations in the presence of sources read, if we adopt the 
convenient notation of Paper I, 


a r 
(2.1) Espn Op H i(%1, t4,)+-—-— 4,(x,,t,)= OF 
€ ot, 
ETRE An. 
(2.2) Ejrt OX, th) 3 di, L;(x,,h) = nai ;(%,,¢,), 
(2.3) 0; E(x, t,) = #7 QE hi); 
(2.4) OH (x4, a) == he 


Here all quantities denote the appropriate analytic signals. 
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First, because it is easier and it also demonstrates the method, we shall 
derive the correlation equations corresponding to the divergence eq. (2.3) 
and (2.4). 

If we multiply (2.3) by o*(x, &), set ,—t+7, and à —À, and then aver- 


age over {, we obtain 


(2.5) 0; 0;(%1, x, T) = 4 P(x, Xs, T). 


We must now eliminate the quantity x; which has no direct physical significance. 
To this end, let us take the complex conjugate of (2.3). Change the notation 
x > x, >t, 0-> 0; multiply then by E;(x,, t,); setting ty. =t,+7t, =? 
and averaging over {, we obtain 


9 


(2.6) OA AT) IK eat) 


(2.7) di CE Cla == Om" a een) 


If charges are present, eq. (2.7) replaces the simple divergence eq. (I.3.13a). 
All other divergence equations of I remain, however, unchanged. This is so, 
because (I.3.15a) and (1.3.16a) follow from (2.4) which is the same as for source- 
less fields. Further, by multiplying (2.3) with HŸ and then eliminating 
<o(x1, t+7)H% (x, t)> by using the complex conjugate of (2.4) and multiplying 
this with o we obtain 

G0, Gea 


A} 
0 ik 


= © 


However, this equation is not à new result. It is merely à consequence of 
4, —0 which, as was the case in I, follows directly from (2.4) and is, in 
fact, the complex conjugate of (2.8a) below. Hence, in addition to (2.7) we 
have only the divergence equations | 


(2.84) dg = 0, 
2.8 SEA 
(2.8b) 0, es = (), 


Note that eq. (I.3.14a) has no analogue. 
Now we turn to the more difficult task of deriving the correlation equations 
ad 9) 1 i N 9 € sk : 
from (2.2). Multiplying eq. (2.2) by 1,(%, t,) and using the same procedure 
of averaging as before we get 
I Age 


» © Al, 
(2.9) Cln a Vn <A 9 
GUOT e Ù 


2074 


_E—_T ——1_ 


CORRELATION THEORY OF STATIONARY ELECTROMAGNETIC FIELDS - III 763 


We must now eliminate the non-physical Nin and y». We proceed as follows. 
Taking the complex conjugate of (2.2), changing x, >a,, t1 >, and chang- 
ing the indices, we get 


Ee. 


(2.10) Enav ee Hi ts) =e x dti (MER t,) e 


We multiply this by H,(x,, t,), set, in the present case, 4, =t,—t with t,=t, 
and average over ft. Utilizing the fact that for stationary random functions 
(A(x, t) B*(x,, ty = (A(x, $47) B* (as, t)) 


1 


we thus get 


1 à > 4x 
‘ x 32 yp a 1 
(Beli) Cah 0390 ise 5 = Pin = Ta in + 


We now again write out (2.10) but change the dummy indices ak, b +l. 
Then we multiply by £,(a,,#) and use exactly the same procedure as in the 
previous step. This yields the equation 


Eq. (2.11) and (2.12) are interesting in themselves: they relate the non-physical 
correlations 7, and y;, to the correlations in the electromagnetic flelds. We 
now use these equations to eliminate 7 and y from (2.9) and immediately get 


gn 


1 0 = I lo A eee 157° 

912 A1 2 > SAN ct CZ, Ae I, 1 CSI 

(2.15) EsntEnav Cr Ca Kw Ejrt On > G in Entt Or 7 ji SS OB 3 I 
€ OT C OT CCCs G° 


This symmetric second order equation replaces the simpler eq. (I1.3.114) which 
is valid only for free fields. 

Since the remaining Maxwell eq. (2.1) is the same as for the free field case, 
we obtain from it, as was the case in I, the simple first order eq. (I.3.9a) and 
5104), 0%, 


ee 
nl @ A 
(2.140) Ejxt 0x0 tn an ina 0 ’ 
CAGE: 
1G 1 Ò à 
(2.14b) CR SIC È gin =) 


Following the same procedure as in I, p. 472-473, it can easily be seen that 
the divergence eq. (2.7), (2.8a, 5) merely play the role of initial conditions for 
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the remaining eq. (2.13), (2.144), (2.14b). However, we must now face the 
following unpleasant situation. These remaining equations are 27 in number, 
whereas we have 36 unknown functions, i.e. the components of 6, #, 4 and G. 
This difficulty can, however, be avoided by completely dono Gand 9, 
which, in any case, have a less significant physical meaning than é and HK. 
Indeed, if we take the complex conjugate of (2.144), then utilizing the sym- 
metry properties (1.2), we obtain, as has been shown in I, 
o 


6 ~ a2 © (e = 
(2.15) Enab Og 19 — € ae Gin == (le 


Next we apply (1/c) 0/07 onto eq. (2.14b) and then eliminate, in the first term, 
the resulting factor (1/c)(0/07) Z, by using (2.15). Thus we obtain 


1 2 


(2.16) E 5x1 En av Ox Cn 1 at eg 


This equation contains only & and A. 

The elimination of 4 and 4 from (2.13) is carried out as follows. We first 
change the indices in (2.14a) according to j +l, k > a, lb, and then apply 
exe, We obtain, using the identity 


Esn1E1ab = Ô ja Oxy — Ò ;0 Ona ; 


the equation 


¢ = alal € A1l-1 @ au DA 
(2.17) 0; OS un — 04040 int —En1 0, Gin= 0. 
Cc OT 
Treating (2.15) similarly, we get 
1 € 
‘ à 32 22 € 2222 ¢ te 
(2.18) On O40 se — Ch, OnE in — = Enki Ck i Gii,= 0 
; 9 


Using (2.17) and (2.18), the unwanted second and third term in (2.13) can 
now be eliminated and we are led to 


9 ql bin fait ST 
(2.19) Ejn1Enap Oy On H n 0; On nn + © ta AE jn 


9 
22 @ 2292 @ 5 © 
One sx = Ck One in 5 È in + Soa à 


Thus our field equations are now reduced to eq. (2.16) and (2.19), 7.e., we now 
have 18 equations for the components of € and 37. 

Incidentally, if one desires to get some partial information about 4 
and G, one can feed back the solution €, # of (2.16) and (2.19) into (2.14a, b). 
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If we had started with the complex conjugates of (2.1)-(2.4), we would 
have arrived at a second set of correlation-equations, just as was the case in I. 
However, as has been pointed out in I, this second set is, because of the sym- 
metry relations (1.2) (and now also (1.6)) equivalent to the original set; i.e., 
they are just the respective complex conjugate equations. Moreover, in the 
present case, (2.16), (2.19) and (2.7) are now identical to the corresponding 
equations of the second set. This can be easily verified by taking their complex 
conjugates and using the symmetry relations (1.2), (1.6). 

It will be convenient at this point to gather together the final set of equa- 
tions. They are 


il GP 

G 2 192 € 4 
(2.20) EjrtEnab dr O16 wy L ce Or? Î in = 0 , 
pie AL a2 « nalel © 1 
(2.21) Ejx1Enar 04 0g A — 0; C46 kn T A È in — 

it ©? 167? 
1292 © 2 © a in 
AE 6 n + AC in e dx? E in = ci =I ja , 
(2.22) OOF — 167 7, 
i k jk 

(2.23) DH = 0. 


Here A! and A? are the Laplacians with respect to x, and x,, respectively. 


| 3. — The equation of continuity and illustrative examples. 


Let us apply the differential operator 070? onto eq. (2.21). Then, by sym- 


n 
metry, the first term on the left-hand side vanishes. In evaluating the remain- 
ing terms, we make use of (2.22), and find that the second term cancels the 
third and the fourth term cancels the fifth. Thus we eventually obtain 


C2 
(3.1) ES LIA dI in 0! 
COTE 


This is the obvious analogue of the conventional equation of continuity. It 
| should be noted that it is a second order differential equation which imposes 
a restriction on the charge- and current correlation tensors if they are coupled 
| to electromagnetic field correlations. 
| To illustrate the usefulness of this relation, we consider a plasma. In this 
| case, under fairly broad assumptions, the generalized «Ohm’s law » reads as 


1 
i-cE+g-vxH; 


49 - IT Nuovo Cimento. 
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or, in component notation, 


I 
Vj — oH, + (0) fim 0, Hm 9 


(we) 
bo 


where o is the (real) conductivity and v the plasma velocity. We now want 
to construct the current correlation tensor corresponding to (3.2). Multiplying 
(3.2) by bs and using the standard averaging procedure, we get 


n(X2, t) 


(3.3) Vie = OV in ap 33 CEjim<V1(%1) t >” ANNE ’ t+T)1 


1 
( 


If we now take the complex conjugate of (3.2), change the index j >», and 
replace x, > x, t; >t,, we obtain, on multiplying by E;(x,, t,) and averaging, 


I | 
(3.4a) Vin = CÒ jn =z mala < E;(x;, t—- T) ty (Rais DHL, t) 


a 


In a similar manner, multiplying the complex conjugate of (3.2) by v,(x,,t)- 
2H (x1, 4) we get 


(3.4b) (xs ir) Aly, 64.7), 1 = 
= Cdt, t+ 7) Ha, t+ t) Ex, t)> + 


1 
+ c TE Nab MEN , t+ GA , Lt + Tux, t) Hy (x25 t) 4 
Putting (3.44, b) back into (3.3) we eventually obtain 


oe ; 1 
(3.5) in = OC gy 3 C'Enim Ls (cn td 7) HS a 
ee , 
+ 79° Eitm COX ; th ¢) Ay (x), (EL ©) EM) 


Il 
al e O ‘EjimEnad Vi(%1, t+ saga i ber T) Dal x3, APE t)> È 


The three- and fourfold correlations may be reduced by applying the general 
formula 


SViVaVa Va) = | AVE ta CAM V2) A(V3V4)> , 


where A denotes the deviation from the mean. (When applying this formula 
(9) ‘ A n 1 

to the 2-nd and 3-rd term in (3.5), we must set one of the Vs equal to 

unity.) Yet, the resulting expression is too complicated in the general case 


| 
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and its application would require the knowledge of further correlations in- 
volving the velocity. If we, however, restrict ourselves to the important 
case for which v/e<1 or H &0, then (3.5) simplifies to 


(3.6) A = 026; 


Applying the equation of continuity (3.1) to this case, we obtain 


02 


C 


7, Ala € n 
a eet o 0; né im == 0, 


OT 


which, because of (2.22), gives 


Ae 

(3.7) — P +167 © P = 0. 
OT? 

The solution of (3.7) is 

(3.8) P = A(x, x) exp [iwt], 


where w, the frequency of oscillation, is given by 


(3.84) o = 4x0 . 


Another interesting case presents itself if the second term in (3.1) vanishes. 
This may often happen even if /;, 0. For example, it occurs if 


(3.9) SF jn( X14 Lay 1) = — Paie, X1, T) à 
because this symmetry property is sufficient to cause the double-divergence 


to vanish. Incidentally, because of the inherent symmetry property (1.6), the 
condition (3.9) merely demands that 


(3.10) Spal Xr, Xe (I Ta 
which, in turns, implies 
(3.11) Px, Lo ; T) ce — I(x, X25 et) ’ 


gn gn 


i.e., the real current correlation is an odd function of the time-shift 7. 
If this happens (or, if for any other reason, the term in question vanishes) 
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then (3.1) immediately gives 


(3.12) P = B(x,, x) + (13 X2) ; 


i.e., the charge correlation is a linear function of the time-shift. 


4. — Wave equations. 


If we apply (1/c?) (02/62t?) onto the field eq. (2.20) and then express 
(1/e2)(02/0r?)éx by using (2.21), we obtain, noting that Bayo at == (Oy 


19192 924 1 42 © 
E jr1 Enad Etrs Ebrv Ox 0; OG, SAS =F Ejrt Enab Oj, 0 Cat A+ A? )E =F 


i Ge 1627 
192 y a = 
= c4 cr in e? Ejrt Enab Ox in =" 0 


In the second term we use (2.20) to rewrite it as 


In the first term we join the e’s pairwise and transform them, identically, into 
products of 6’s. Then, applying (2.23) and its complex conjugate, only one 
term remains, viz., A114%#,,. Hence, we obtain the 4-th order wave equation 


RES LE 167 me 
à — Ejxt Enab Ox Ca APE ==). 


(4.1) MAC» —— (A14 4e) 


12 


To derive the wave equation for & is a more involved task. We start as 
in the previous case: apply (1/e*)(02/07*) onto (2.21) and express (1/¢2)(62/0t2)M» 
by eq. (2.20), obtaining 


Co: 
‘ 417292 © ALA e 
(4 2) D Ejt1 Enan Eire Ebre Ox O; € 0905 1 0; Op 3 = kn 
Ge OT 
il Ey C2 il 02 il 04 472 2 
=< ee ©, OF A = Gin à ( ji fe A?) 5 E in E È on 306; g In 0 
ç? 3 ¢ OT? GA CT Ct or? 


In the first term we again reduce identically the s-product to fourfold ò-pro- 
ducts, and we get 


A AAC, + LOL AL È n ca 0702 NE Ed Orta 


an RO 5 Ca On 
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Here, in the last term, we use (2.22), so that eq. (4.2) becomes 


1 o? ce ridi Tac? 
(43) —A'4°6;n4 e (Atal?) = Con, Cine On On (46, È En) 


The 4-th and 5-th terms are disturbing. We eliminate them by using (2.21) 
twice to express the terms in the parentheses. Then, utilizing symmetries and 
noting cancellations, the unwanted 4-th and 5-th terms give simply 


162? 


D al al a2 52 © zia 2 02.4 
2 0; 0, Oy Onb rz + - Ta (0; CI rm + Op OnF in) + 


Applying here in the first term (2.22), and putting back all this into (4.3), we 
finally obtain the wave equation for €, 


(CO 1112. 


16 9 9 
— 167 0,0, P — - a (at Fig A Oy On in 


This is as far as we can go without specifying an « Ohm’s law ». If, however, 
this is given, the last terms in (4.1) and (4.4) can be expressed by the fields. 
If, in particular, (3.6) applies, the last term in (4.1) gives 


2-2 
167°0 al 2 € 
— 75, int Ena Or Ua © w è 


@ 


Using the field eq. (2.20), this reduces to 


so that (4.1) becomes, in this case, 


(4.5) DAH p= x (A= A?) 


The last term plays the part of a damping term. 
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Similarly, when the simple connection (3.6) is valid, the last term in (4.4) 
becomes the not so simple damping term 


167 0° 
al ole | 2292 2 
ci 0; OnE tn CT CC. À 


5. — The limiting case of vanishing sources. 


One would expect that for 9 —0, i—0 our field equations go identically 
over into the free field equations of paper I. But, just looking at the basic 
set (2.20)-(2.23), this does not seem to be immediately evident. Of course, 
if there are no sources, the solutions of the free field eq. (1.3.9a)—(1.3.16a) 
satisfy eq. (2.20)-(2.23) as well, because, in this case, as can be easily checked 
(and as should be clear from the way of deriving the present set of equations), 
our present equations are merely consequences or the first order equations of I. 
However, one might think that we might get additional solutions as well since 
the second order homogeneous equations are only consequences of the first 
order equations. This, however, is not the case. The boundary conditions 
do not allow further solutions. In fact, our eq. (2.20)-(2.23) become homo- 
geneous even if 040, i#0, but for, some reason, 7= 0, .#,, — 0 for all points 
(except, of course, for x,—x,, which would imply 90 =0, i=0). Now, the 
solutions of our equations are unique once the boundary conditions are given. 
But the boundary conditions for A=0, #—0 (but o #0, i#0) are always 
different from these which apply for the same homogeneous equations in the 
o=0, t=0 case. Hence the solutions in the latter case must be different 
from any «extra» solutions that the homogeneous second order equations 
permit. But then, they can be only solutions that occur within the set of 
solutions of the first order equations of I. Of course, using the second order 
homogeneous equations for the source-free case, we will not get as much infor- 
mation about them as we would if we had used the original first order equa- 
tions of I. This is already evident from the fact that GY and 4 do not appear 
in the second order equations. 

To illustrate the situation, let us consider the «electrostatic » case. Here; 
in the customary theory, the field equation is 


(5.1) Ejn1 Op Hy (%, ta) = 0 ’ 


which must be solved under the boundary condition 


— 
Ct 
iw) 

— 


| Bate » 1) df;(x,) = Jet, t,)dV(x,). 


al 
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(We assume that all charges are contained within the boundary surface.) 
Multiplying (5.2) by ÆE(æ,t) we obtain 


(2.3) [ents sx, T) df;(x:) = feet, t+ %) B(x, t)> dV(x,), 

and multiplying the complex conjugate of (5.2), taken at x, by o(x,,t,), we 
have 

(5.4) | oli, t+ 7) Wx, 0) df(a) =| Per, a2, D) AVR) 


If we integrate (5.3) over df,(x,) and then use (5.4), we obtain 


(5.5) [ents Ho, T) df;x(%1, X2) = {Pe » Lo T) d°V (x, 2), 


where we have put 


ibe fag Ky x) thks df;(x1) dfr(x>) . 


Now suppose that o 40, but A=0 (x, x.). In this case we cannot conclude 
from (5.5) that 


(5.6) fe df;(x.) = 0, 


not even if for some special, additional reason a 0. For, if (5.6) were 
true, then (5.3) would give 


fées 140) Bee, DAM) = cer Eta D — e(E(ar, 1) = 0, 


since the total charge in the whole space is independent of time. But this 
is impossible, because, by assumption, the mean value of the random but static 
electric field is not zero. Hence, (5.6), does not hold, so that 06,0. Thus 
is 9 40, we can only have the more restricted relation 


ILZ Af jx = 0 5 


which implies that 
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On the other hand, suppose that o— 0. Then 4, certainly satisfies DE = 0. 
But solutions that do not already satisfy 0,6,— 0 can not be solutions in 
congruence with the pertinent boundary conditions. Because if only the second 
order equation were fulfilled but not the first order equation, then, working 
backwards, this would mean that the boundary condition of the 9 40, 7 = 0 
case is satisfied. But such solutions pertain to the non-free fields. 


In the course of writing up this paper I have learned that Drs. G. B. PAR- 
RENT and M. BERAN are working on similar lines. I also acknowledge a con- 
versation on this topic with them. 


IR, DEAT S iS GEN OG) 


Estendo la teoria dei campi elettromagnetici casuali stazionari, sviluppata in pre- 
cedenza, al caso in cui i campi interagiscono con cariche e correnti casuali stazionarie. 
Deduco le equazioni di campo fondamentali e trovo che sono equazioni differenziali 
parziali del secondo ordine. Derivo un’analoga della equazione di continuità e discuto 
alcuni esempi illustrativi. Deduco equazioni d’onda, che sono del quarto ordine, per 
i tensori di correlazione elettrici e magnetici. La teoria presentata in questo scritto 
può avere varie applicazioni nella teoria del plasma. 


* * 0 . 
(*) Traduzione a cura della Redazione. 
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Solution of the Equations for the Green’s Functions 
of a two Dimensional Relativistic Field Theory (*). 


K. JOHNSON 


Department of Physics and Laboratory of Nuclear Science, 
Massachusetts Institute of Technology - Cambridge, Mass. 


(ricevuto V 11 Marzo 1961) 


Summary. — The explicit solution of the coupled set of equations for 
the Green’s functions for the self-coupled field theory model of Thirring 
is given. It is found that the infra-red problem causes no special difficulty. 
The question of how to define products of singular field operators at 
coincident space-time points arises and it is shown that the commu- 
tation relations for such products are not consistently given by making 
use of the formal expressions and the canonical commutation relations. 
The problem of gauge invariance in an external field is studied and it 
is shown that: a) the current and charge density do not commute at 
equal times, and b) this is necessary for and consistent with the gauge 
invariance of the field equations. 


1. — Introduction. 


THIRRING (1) has proposed a two dimensional (one space, one time) self- 
coupled field theory model which is of some interest because its exact solu- 
bility enables one to study some of the general conjectures which have been 
proposed in regard to the behavior of local relativistic fields. In spite of the 
model, no general solutions have been proposed which are free from possible 
criticism because of the rather formal manner in which they have been ob- 


(*) This work is supported in part through AEC Contract AT(30-1)-2.98, by funds 
provided by the U.S. Atomic Energy Commission, the Office of Naval Research and 
the Air Force Office of Scientific Research. 

(3) W. THIRRING: Ann. of Phys., 3, 91 (1958). 
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tained (2). The model is exactly soluble only when the mass parameter of the 
field vanishes, and in this case no dimensional parameter remains (the coupling 
constant is dimensionless). Thus, the use of a formal construct such as an 
asymptotic field which presumably has meaning in a theory where there are 
dimensional quantities is in this case a rather dubious procedure since no para- 
meter exists in the theory to characterize the «asymptotic » domain. Even 
worse, since the theory describes a field with no mass, presumably all real 
processes involve infinite numbers of infra-red pairs and thus even the concept 
of particle scattering states with finite occupation number is meaningless. 

In this note we shall show how the vacuum expectation values of all time- 
ordered products of the fields, (7.¢e., Green’s functions) may be calculated. With 
the aid of these, all properly put questions about transitions can presumably 
be answered. The definition of these Green’s functions however does not re- 
quire the existence of an asymptotic field operator, rather the latter construct 
would follow if the Green’s functions exhibit a structure consistent with the 
existence of multiple particle scattering states. However, the absence of this 
type of state does not preclude the existence of Green’s functions. We shall 
calculate the solutions of the model by making use of the invariance of the 
theory under two continuous gauge groups. The solutions will enable us to 
study such groups and the operators which generate them in sufficient detail 
that we can also apply the results to the study of more realistic field theories 
which are invariant under such groups. In particular, we shall settle the ques- 
tions associated with the lack of commutation of the charge and current den- 
sity operators at equal times. 


2. — Solution of the model. | 
The field equation of the model is 


cl 5 4 
(1) "= pla) = Zi) yu pla), 


where the current j"(x) is the « defined » by the formal expression 


(2) (x) = 3[p(0)y", yv(x)]. | 


/ is the dimensionless coupling constant. The Dirac matrices y" can be taken 


2 


as the 2x2 set, (°, y1) = (o?, io1) which is completed by y°=y%y1—=08. We 


(+) V. GLASER: Nuovo Cimento, 9, 990 (1958). PF. Scarr: Phys. Rev., 117, 868 (1969) 
T. PRADHAN: Nucl. Phys., 9, 124 (1958-59). 
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NI 
N 
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shall solve for the Green’s functions of the theory by way of the so-called 
« generalized » Ward identity (*). Thus, since the field equations are invariant 
under the group 


(3) Ôp(x) = ixyp(x) , 
the current is conserved 


(4) AE 


Further, because the mass of the particle has been taken as zero, (1) is also 
invariant under the group 


(5) pla) = inps pla) 


and thus, the pseudovector current which is (again formally) defined by 


(6) J’ = Ev(&)"y", y@)] = 8° j,(æ), 


uv 


where e“ is the antisymmetric symbol, is also conserved, 


À 
x 
es 


OY eg) a Oe 


Thus, both curl and divergence of the vector field j“(x) vanish. (4) and (7) 
lead to a set of two « Ward identities » for an arbitrary vertex which can be 
integrated to give the vertex in terms of the corresponding Green’s function. 
This is the reason which accounts for the solubility of the model in closed form. 
For clarity, we shall confine the discussion to the lowest order Green’s func- 
tions, defined by 


(8) (ay) = KO] L(ple) PY) |, 
(9) Grey) = — O\L (pr) plo’) PY) PY) 10) - 


The equation for (8) implied by the field equations and canonical com- 
mutation relations is 


a, (wy) = day) + AiO | Tine) pla) PM) |) - 


(10) y's 
(7 


The vertex which enters this equation is connected to the next higher order 


Green’s function (9) by the formal expression for the current (2). However, 


mr 


(3) Y. TAKAHASHI: Nuovo Cimento, 6, 371 (1957). 
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because of the conservation eq. (4) and (7) satisfied by the current there are 
two identities satisfied by the general form of the vertex | 


(11) i<0 |T(j"(E) px) PY) | | 


which are sufficient to calculate the form of (11) without making use of (2). | 
To derive these identities we must know the equal time commutators 


It is at this point where it is necessary to explicitly take note that the 
formal expressions (2) and (6) are meaningless because of the singular nature 
of the Green’s functions on the light cone. Thus the operator 


(13) w(x + ey" p(x) 


has singular matrix elements in the limit e + 0, and in order to give a proper 
definition of the current a well-defined limiting prescription must be given 
in terms of the non-local operator (13). We shall discover what that definition 
is below. It should and will be such that the operator j“(x) is covariant and | 
is conserved. The same remarks hold for e“j,(e)=j"(x). Once it is explic- | 
itly recognized that 7" must be defined as a limit applied to a non-local oper- | 
ator it is also evident that the commutators (12) need not be correctly given | 
by making use of the formal expressions (2) and (6) and the canonical com- 
mutation relations. In fact only if j“(x) can be defined in terms of (13) when | 
only spacelike displacements e“ are involved will (12) follow with the use of 
the canonical commutation relations alone. However, it is clear that if j“(x) 
can be consistently defined as a conserved operator, then the equal time com- | 
mutation relation must have the form | 


(14) Ly(x), °(y)] = ade — y) y(x) 


since when j" is conserved, j° generates the local form of the gauge group (3). 
The constant a however, is not specified by such a group argument. Of course, 
a must turn out to be 1 if j! is definable in terms of (13) when e is always space- 
like, since then the canonical commutation rules yield (14) with a=1. Like- 
wise, if ej (7) —j"(x) is conserved we must have 


(15) Lp(a), 7°(y)] = a dle — y)ys p(x) . 


With these expressions for the equal time commutators we obtain the iden- 
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tities 

(16) a,[i<O|T(j"(E) pw) PLY) 

(17), [4<0 |T(j"(E) p(w) Py) 
= a[d(§ — a)y,, + 0(E — yy] <0 |L( p(w) Ply) 9 , 


>] = a[d(§ — a) — d(é —y)]i<0|T(y(x) Py)) |, 


where y,, acts on w(x), V5, On Y(y). Because of the invariance (5), 
V5 GE — y) =— G(a—y)ys, 
so (17) can also be written in the form 
(18) 0,[%<0 | T(F"(E) p(w) Ply) 10) =a(d(E — x) — 5(E — y))ys C0 |T(p(æ) Ply) |O>. 


Eq. (16) and (17) specify completely the divergence and curl of a vector field. 
Further, the vacuum matrix elements impose boundary conditions. Thus, we 
can integrate (16) and (17) to find 


(19) 10 |T(j"(£) p(w) PY) |9> = 


= (ga + ea ys) 0,[Di(E — x) — Dy (E—y)]G(ay) , 
where 
— LP? D,(@) = d(x) 


and is the function with positive frequencies for x° > 0, negative frequencies 
for? <= 0) (+). 

The constants a and @ are so far undetermined, but the important thing 
is that the form of the vertex function is given by the conservation laws alone. 
In order to find the equation for the Green’s function G,(xy) we must allow 
the space-time point É coincide with +. That is, we must define the product 
of the singular operators j“(x) and y(æ). We shall define the product by the 


limit 


(20) f(x) = y, 5" (@) p(@) = lim 3 [x + e)y, p(w) + y, p(w) f(x — €)] . 

e>0 
We shall find that our general definition of the products of singular operators 
to be given below is in this case equivalent to (20). Thus, we obtain (5) 


(21) iy<0|T(j, (0) px) p(y)) 105 = — (a—@a)y“0,Di(e—-y) Ga (e—y). 


(4) See appendix. 

(5) We note the difficulty which would occur if a=a, i the vertex would 
vanish. This would imply that the operator f(x)= y"(1/i)0,y(x) vanishes if the theory 
is local and the metric in Hilbert space positive os However “the vanishing of f would 
be in contradiction to (25) with a=a. 

(6) P. FepERBUSH and K. JoHNSON: Phys. Rev., 120, 1926 (196.). 
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The equation for G,(ay), (10), may then be integrated and yields 
(22) Gi (ay) = exp [— (a — a) D. (x — y) — D,(0)]] EP (xy) 5 


where G (xy) is the free field function, 


(23) y" = 0,42 (xy) = d(ay) . 
We shall discuss (22) in Section 3. 
Let us now consider the equation for the Green’s function G,(rx'yy’), 


Del x I , N Y / / / È | / 
(24) pe Gr yy) = (y) (ay) — 6 (ag) (ay) — 
— Ay 0| Tite) p(x) p(x") P(y') P(y)110> . | 


With the use of the same method that was applied to the vertex to give a | 
closed equation for G,(2y) we can also calculate the form of the Green’s fune- | 
tion G,(xx'yy') uniquely in terms of the two constants a, a. If we then require | 
that G,(xx'yy') yield the vertex (19) as æ'— y" —0, we will enforce the coup- 
ling between the various Green’s functions implied by the field equations. This , 
requirement yields two equations for the constants a and a. The general form | 
of the vertex which enters (24) is obtained as | 


(25) — (0 TEE) pz) pla’) Py’) Py)1|0> = | 
= [a0"(D(& — x) + DE — a’) — D(EË— y) — D(E—y')) + | 


+ GeO, (DE —%)y,, + DE — pt DE y}, F Di (E—Y')) py 1 (ox tyyt), 


by making use of the conservation equations and equal time commutation 
rules. With the use of (25), (24) can be integrated and gives 


(26) Ga" yy!) = 


= exp [i(a— a yy) [Dea 2) — Dy (@ —y') + Diy —y') — Dily—2')]]- 


“Gi (xy) G,(a'y') — 


— exp [il(a — à VexVsy') Di (we — x’) — D(x y) HDs (yee D de x')]] : 


«Gi (ay)! (ay) . | 


In order to calculate the vertex (19), we allow #’—y'=e—+0. In this limit 
the Green’s function G(x'y') = Ge) becomes singular, 


(27) G(e) STE Nes 
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We also note that the exponential factor in the first term of (26) approaches 
4 4 A I î n a yn ali 
exp [iMa—@ y;, Vw) 0, [Ds(a— x) — D,(y —2')]] . 


Thus, if we average the limiting forms for e and —e we find a contri- 
bution from the first term of (26) multiplying the quantity 


for small e. It is thus clear that if the current is defined in terms of the 
operator 


(28) (a; e) = 3 [Pe + e)y* p(w) — p(x) px — e)y"] 


as e —>0, the limiting operator will be finite but not covariant, since e*e”/e? 
approaches a finite limit as in any frame, but «remembers » the frame in which 
the components of e vanish. It is not possible to make a covariant limit by 
averaging over all directions e“ in a hyperbolic space because the volume of 
the surface «? = const is divergent. We shall do the next best thing. Thus, 
take e“ to be timelike and define a reciprocal spacelike vector by 


eve, = 0 
We shall then let 
(29) je) = 3[j#(0; e) + (5; BD] - 
E—0 

In this case, since 

e ef | e SE 

ies I da 

CE Se 


we obtain a covariant limiting operator. Consequently, the first term of (26) 
.as well as the second gives a contribution to the vertex and we obtain 


(30) 4<0| T[j*(é) p(x) Y(y)]|0> = 


10 A fes Pace A ; 
= (: ols » a) ce (1 — - a) ve fe — a) — D.(E — y)] G:(xy) - 


If we compare with (19) we find 


1 7 1 
n L=4/2x° Here 


(31) a 


= 
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In summary, we find that the definition (29) of the current operator leads 
to a conserved, covariant operator whose commutation relations with the field 
are given by (14) and (15) with constants a, @ which differ from unity. This 
conclusion is not in contradiction with the canonical commutation rules since, 
the definition (29) involves infinitesimal displacements in both timelike and 
spacelike directions. Finally, it may be remarked that the above procedure 
has been applied to the general Green’s functions with the result that (31) 
emerges consistently in the general case. Hence, we have a complete and 
consistent solution of the model. 


3. — Renormalization. 


If we replace a and @ by (31) in the expression for G.(ry) we have 


(32) (ay) = exp |— 4 — È = [D4(e — y) — D,(0)]|G (x — y). 


(33) D(a) = 


where (1/2) is an arbitrary constant with the dimensions of a mass. Thus, 
the positive-negative frequency boundary condition does not specify the con- 
stant, zero frequency term in D,(xv). Naturally, since only differences of D, 
enter the equations, the constant term is arbitrary. However, since D,(0) 
diverges, the solution (32) is only formal, that is, the Green’s functions require 
a renormalization since the coupled fields do not admit a true canonical com- 
mutator. We may renormalize by making the matrix element of the oper- 
ator y[<O|y|p">, p?= —m?] take on a chosen value at an arbitrary state. 
Naturally, no physical question will depend upon either the normalization 
chosen, or the mass of the state. In this way we define the « renormaliza- 
tion » constant 


; A? | 3 (A]22)2 de 
(34) Za — OX) |? D,(0 | =" Sees LO — 
D Gap P+) PF Gap E il. 


(35) G,(xy)— exp 
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G{xy) admits the spectral representation in momentum space 


; sin x Pak k \2* — 2yp | 
36 Cy) == | | ma) 
ee? (P) It | k \in/ p? +h? vp Oe) 
0 
where 
LAZ | , 4 | x! |" 
1— (x? and ie = ni = pie 


(we assume x< 1). We notice that an attempt to expand the spectral func- 
tion in powers of « (or A) would lead to a sequence of infra-red divergent in- 
tegrals. The cause is the zero mass of the field and the confluence of an 
infinite sequence of thresholds at X= 0. Because G has no pole, a single par- 
ticle state does not exist in the theory, and hence also, no asymptotic field. 
The theory provides a. perfect model of the infra-red structure of massless 
fields. Thus, the particle Green’s funetion in quantum electrodynamies has 
precisely the singularity described by (36) when p?—p?+m—0 (?). 


4, — Coupling to an external field. 


It is interesting to discuss the coupling of the current to an external field 
because such a coupling presents problems quite analogous to those regarding 
the questions of gauge invariance in quantum electrodynamics. 

Suppose the equation in an external field is 


(37) y= 6,p(@) = ay" p(x) (e) + AML) yu y (x) . 


Ss. 


The renormalizing factor « is included for convenience since we have al- 
ready discovered that the local group generated by 3° includes such a factor. 
Thus, (32) is invariant under the group 


dy(e) = tax(x) p(x) , 
(33) 
Ôp,(æ) asi 0, (2) 1 


if we assume that the current operator is invariant under this group. Again, 


j"(x) is a conserved vector field with this assumption. To insure the invariance 
of the local current under (38), we shall define it as the local limit of the gauge 


(7) K. Jomnson and B. Zumino: Phys. Rev. Lett., 3, 351 (1959). 
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invariant (#) non-local operator 


(89) (a, €) = E 
ate d 
=; Pe + ely*p(a) exp infae"v. — pl) P(e — e)p" exp |— if y] ; 


in the sense of the limiting procedure (29). It might be supposed that (37) 
is also invariant under the group 


p(x) = iax(x)ys p(x) , 
(40) : 
Ôp (x) =£,0 ae). 


If this is to be true, we should also be able to write (37) in the form 
nee a È SD 4, yt r (mp yp 
(41) 7 5 Onw(L) = Ay ysewP (2) ple) + AY Ys JE) p(x) - 


In this case j“ must be defined in terms of the non-local operator invariant 
under (40), namely 

ate 
iays | dl eng p(x) — 


… 
x 


pla + e)y"7; exp 
g 


— p(x) Y(w — e)y"y; exp | idy; Jae" Ed ‘| 4 


./ 
x—é 


in the sense of (29). It would not be possible for (37) and (41) to be mutually 
consistent if the relation j“ =e"), held for the current operators in the pres- 
ence of an external field. We see that the operators j“ and j are no longer 
necessarily connected in this way since they are defined by a limiting proce- 
dure applied to non-local operators no longer related by e“. In fact, if eq. (37) | 
and (41) are consistent, the connection between the operators j“ and j“ must be 


È sa AI 1 a 
(43) Les") (A= G) 8) Oe Ee ep 
J (Pi )3 q M png rai P 


We shall find that this is indeed the relation between the operators implied 
by the definitions (39) and (42). 


(5) J. SCHWINGER: Phys. Rev., 82, 664 (LODE 


2094 


SOLUTION OF THE EQUATIONS FOR THE GREEN'S FUNCRIONS ETC. 783 


To show this, let us accept the consistency of (37) and (41), or, equi- 
valently, (43). We may then calculate the vacuum current induced by the 
external field by making use of the conservation laws for j and j. We com- 
pare this with the current calculated by first determining the Green’s function 
in the external field and then making use of the definition of the current oper- 
ator in terms of (39). A similar comparison can likewise be made working 
with the general Green’s function in which case it shows that the definitions 
(39) and (42) lead to operators related by (43). 

Let <out |= <0, t>+ 00], |in)=]|0, t -+— co), where the external pertur- 
bation is turned off in the distant future and past. In virtue of the conser- 
vation of current 


(44) d,{out|j#(£)|in) = 0 
and because of the conservation of j” and (43) 


1 ] 


(45) d,<out|j"(£)|in) = — zi (Aap 0,e” p,(é)Kout|in 
Hence 

È <out |j"(E) |in> 1 i ae ae : E ; 
ad or a Ei “fr. HAN 


Next, we calculate G,(xy; g) and then show with (39) that (46) results. Thus 


{cout Tr) Py) in) 


47 G.(xy ;: = - 
(47) r(rys ) cn 


‘ 


gi! À JR N 0 x 
(48) 9° — (ays 9) = Olay) + ay pu) Gey; 9) + 


cout) T(j,() p(@) P(y)) lin? 
‘out |in> ; 


+ Ay" 


If we again use (43) and the conservation equations for j“ and j" the, 
vertex function is 


SI AVA) an 


(49) ua age + GeMy;| 0,[D(é — 2) — D(É — y)] 
Y 9 > il 1 UE G 3 | 
Rae mime 
1 1 up (E eo, (E')(dE')-Gi(xy; © 
a e Ge) CES 
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If we let £É->x and use this expression in (48) we can integrate the resulting 


equation to find 


(50) G(ay; p) = exp [— iA(a — a) [Di (we — y) — Dz(0)]]- 
exp | ia [Ds(e — 8) — Ds — 8) DOTE 
“exp |— tay, |LD}(# = €) — Di (y 6) 2 ef ENE) B(x) . 


We then let «—y->0 and calculate the current. With the important fac- 
tors which make the operator j“(7; e) gauge invariant, the result agrees exactly 
with (46). By making use of the techniques used in this section explicit for- 
mulas for the general Green’s function in an external field may be given. 


5. — The current-charge density commutator. 


The gauge problem similar to one in quantum electrodynamics may now 
be raised. The question arises from the lack of commutation at equal times of 
the current and charge density operators (?*). In quantum electrodynamics 
the commutator is proportional to a positive divergent integral also identified 
as a «photon mass ». It hence has been argued that « since in a gauge invariant 
theory the photon mass must be zero, this commutator must vanish». We 
wish to point out that the commutator in fact cannot vanish, and secondly, 
that this entails no contradiction to gauge invariance, but indeed is required 
by gauge invariance. We shall investigate the question of this commutator 
in the context of the model studied in this paper but exactly the same general 
remarks apply also in quantum electrodynamics (1). 

The current operator j“(x) has been defined so that it is invariant under 
the group (38). The generator of (38) on the field operators y is the opera- 
tor 7°(y). Yet, it cannot be true that (1911) 


(51) [9* (2), PY) Los = 0 


for this would raise a contradiction to the conservation of charge. Let us 
review briefly that contradiction. If (51) is assumed, then from 0,j*=0 it 
follows that | 
0 = [djt(2), j()] = — [dj 2), j0)] 
or 
0 = [[ÿ(x), 2), j{(y)] , 


(9) E. L. Scarr: Nucl. Phys., 11, 475 (1959). 
(1°) K. JoHNSON: to be published. 
(11) J. SCHWINGER: Phys. Rev. Lett., 3, 296 (1959). 
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where H is the Hamiltonian operator. But since <0| is the lowest energy 
eigenstate (H|0>= 0) 


(52) > <0|j°(@)|E, y> BE, y|ÿ{y)|0> = 0 


7,2 
which implies 


(53) {Oj(x) = 0 or  <O[j“(x) — 0. 


This, in a local, relativistic field theory, means that j“(x) — 0 (5). Hence (51) 
contradicts the conservation of charge, and the non-vanishing of j“(x). Yet, 
if (51) does not hold, how is it that the current operator is invariant under 
the local gauge group which is necessary for the law of charge conservation? 
This dilemma can also be sharply put by observing that the usual formula for 
the current induced in the vacuum by an external perturbation (for simplicity, 
to lowest order in the external field) is 


(54) cout |j“()|in) = i| CO | LG"(@)7(y)) 10> poly) (AY) , 

and from (54) it would appear that the induced current is not conserved unless 

[7°(a), 92(y)| = 0, è.e., unless 9! is invariant under the group generated by 7°. 
The operator which generates the gauge group (38) is 


DI 


(55) ce | (dy)x(y)j°() ; 
thus 
. il ; : 
(56) pla) = = (pla), 41 = taclar) p(x) . 


But the full invariance for the theory means we must also perform the com- 
pensating change in the external potential 


(57) ogt(a) = dax(x). 


Thus, the change in the current operator produced by the generator (55) is 


0j"(x) = à] dya(y)[" (7), 3(M], 
and because j"“(x) is invariant if we also perform (57), the change in the current 
produced by (57) alone must be 


a 


(58) 0j" (x) = — à] dya(y)[j"(w), MI. 
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The invariance of j“(x) under the combined transformation is guaranteed 
since the non-local form of the current is invariant under this full group at 
every stage, hence the limiting or will also be characterized by this 
invariance. Accordingly, if [j"(x), j°(y)] does not vanish, there is no contra- 
diction to the conservation law, a ause (54) is not a correct equation for the 
induced vacuum current. This is because (54) is derived with the (implicitly 
made) assumption that the current operator does not explicitly depend upon 
the external perturbation gf, and this assumption is not consistent with (58). 
In fact, if we take into account the explicit dependence of j“(£) on p*(é) de- 
noting it by 


(59) dj"(é) = 8 de, (€) 


then the correct version of (54) is 
(60) ont in =| (i 0| TT (E")) [OD + Sl O(E — E')) p(E(AE’) , 


(in this model, S“ turns out not to be an operator). 
Since 


0 == 6 cout" (han, 
we find 
5(E°— £'°)6<0 TPE), ME" |0> + 8'70, dlE— €") = 0 
or Nol = S10 = 1500 = 0 and 


(61) <0 ILE), j*(£)]|0) = 28110, 6(E — È"). 


Now, this structure for S“” indicates that i<0|T"(j"(£)j"(£)|0) is not a covariant 
function. Indeed this is the case as we can now show by an explicit caleulation 
of <0|j“(£)j"(£)|0). This matrix element may be calculated from (18), and 
the definition of the current operator in terms of (28) and (29). Thus we find 


? w | 1 
(62) COE)? (ED (OD = — — de DIE — E' 
| sù le Aie EN 


rhere —_[ 12 COS e ; (4 : Ge 
where —L]? DY (x) =0, and D contains only positive frequencies. The time- 
ordered function is defined bv 


(63) <0 |T(jl (E) HE ‘))|0) = 0(E°— #0) 0 |PF(E) 7" (E) (OD + 


- GE — #0) <0]3"(£)j"(£)|0). 
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We see immediately that 


(64) <0 |[j"(8), (ENO = i2 d(E — €) È ni “dai i 


o SU——(1/x)(1/(1—(1/2x)°)). Further, with 


DIM (E— &') 0(& — E0) + DOE— €') OE — &) = D,(E-&') 


we find by combination of (62) and (63) 


(65) CPF) = od D,(E — &') + 


ALI Il 
a OL Ole a ye ; E — , 
TT 5) 1 — (1/2x)° 
which explicitly shows the lack of covariance of this function. Nevertheless, 
we find that the correct Green’s function for the induced current 


(66) CO] TGME\P(E')) |0> + SP Ô(E — £#)= 


il Il 
= ! es “ipo OP Voll o” DA fa TI ii 
7 e (1/27)? (9 ) (6 S ) pl 


is covariant and conserved. We also see the consistency with our previous 
result (46). Naturally, the remarks made here apply as well to the pseudo- 
vector current j". Thus, the analogue of (59) is 


(67) dj = Se, dp" 


Il 1 
x 1 — (À/2x) 


p= 3 £10 OF , 


ôj—0, 


but in fact, (59) and (43), which give the connection between j“ and 7j", are 
equivalent to (68), again illustrating the internal consistency of the model. 
(This remark also establishes the fact that S’” is not a field operator.) 

In summary, if the current is defined in terms of the gauge invariant expres- 
sion (39), no difficulty arises from the fact that the charge and current oper- 
ators do not commute at equal times. 
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6. — Conclusions. 


We have shown how it is possible to solve the two dimensional model of 
Thirring by making use of the existence of the two vector density conser- 
vation laws. In this solution the infra-red problem caused no special difficulty, 
although the physical consequences of the coupling are somewhat complicated 
because of the impossibility of a classification of the states by means of par- 
ticle quantum numbers. However, in this connection the model is interesting 
because it provides a soluble theory in terms of which the infra-red structure 
of a relativistic field may be investigated. It was shown how it is possible 
to define the products of the singular operators y(x), in order to determine other 
covariant operators but that these singular field products do not satisfy the 
equal time commutation relations with the field operators y(x), that one would 
obtain by means of the canonical commutation relations, together with the 
use of the formal expressions for the singular field products. 

In fact, it was found that in general it is necessary to make use of the 
gauge invariance principle to determine the correct expression for the current 
operator. In this connection it should be noted that other finite operators, 
which are vector densities, « formally » identical but in fact different, could be 
obtained. It is thus quite interesting that an invariance principle was needed 
to provide a guide to find the proper current operator. 

Finally, it was shown how the lack of commutation of the charge and cur- 
rent densities at equal times is not something which contradicts gauge inva- 
riance but, on the contrary, is required by gauge invariance. Further, if this 
commutation relation is consistently treated one is led to solutions for the 
Green’s functions and amplitudes in the presence of external fields which are 
invariably consistent with the gauge invariance of the original field equations. 

In this note we did not discuss the question of the construction of the 
energy momentum operators as functions of the local field operators. This 
problem is complicated by the lack of finiteness of the renormalization 
constant. 

We also did not discuss the meaning of the singularity of our solutions 
for 4/2x=-1. Presumably, this is the limit on the magnitude of A/2z for 
which there is a ground state, (i.e., a spectrum for the field Hamiltonian 
bounded from below), but this problem is naturally better examined in the 
context of a discussion of the field Hamiltonian. 


The author wishes to acknowledge useful discussions with Professor P 
FEDERBUSH and Dr. C. SOMMERFELD about two dimensional field theories. 
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APPENDIX 


We should like to prove that, if a“(x) is an arbitrary vector field in two 
dimensional space-time and if oa, and c“e,,a' are given together with the 
boundary condition that a” has positive frequencies in the « distant » future 
(2.e., for x° > t, a“ can be given a Fourier representation with only positive 
frequency components) and negative frequencies in the «distant » past (7.e., for 
a< T', a“ ete.) then a“ is given uniquely by 


ana (a) | ATALA — 2° 6,| DG — x )otesa (de), 
where 
(A.2) — L? D(x) = Ô(x), 


and has positive frequencies for 2° > 0, negative frequencies for æ°< 0. 

First, it is clear that the expression (A.1) for a” gives the divergence and 
curl correctly and satisfies the mentioned boundary condition. To show the 
uniqueness we must ask for a function with vanishing curl and divergence 
which satisfies the boundary conditions. Suppose b” is such a function. It 
is clear that we can always determine a g and 9 such that 


{A..3) b" (x) = p(a) + 5° 0, D(x) . 


The vanishing curl and divergence are equivalent to 


(A.4) LPo=0={ Fo. 


So the problem can be restated as showing that no non-constant solution of 
[pg = 0 exists which satisfies the negative-positive frequency boundary con- 
dition. It is clear from the differential equation that 


+ 09 +0 
phe) = faq exp ilar — ent (0) + fi ep [iar + are O 


where we can remove any zero frequency term as excluded (i.¢., g:(0) = 0). 
Further, for 2° > 7 the second term must vanish, 7.¢., 


+ o 


fau esp tar + 19 


x)|\p-(q) = 0 ; wet, 
and for x°<t' the first term must vanish, 4.e., 


+0 


| dq exp [i(qe + |4|a")] p:(q) = 9, mer. 


— o 
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If we integrate either expression x exp [— iq'æ| over all x, we find 


exp [i|g'|æ]g-(q") = 0, Sie 
exp [— i|9'[2°]g+(g) = 0. DATE 
Hence y, = g-= 0, which proves the uniqueness of (A.1). 


Let us next consider the function D,. D, obeys the equation 
(A.5) — LPD (x) = da), 
and has positive frequencies in the future, negative in the past. The function 


(dq) exp [ir] — exp liqyl Li 
eos pe; = dare i | 9 


(277)? q? — VE 


(A.6) D,(x; y) =| 


satisfies these boundary conditions, and the differential equation. The constant, 
zero frequency term which involves an arbitrary vector y cannot be removed 
since the zero frequency part of the first term gives a divergent contribution. 
This, of course, plays no role in (A.1) since only 


(A.7) ED, = | (49) ;u exp [ide] 


(277)? + q? — ie 


enters. If the integral (A.6) is calculated we find 


(A.8) De; 9) = log [71 | 


RIASSUNTO (*) 


Si dà la soluzione esplicita del gruppo accoppiato di equazioni per le funzioni di 
Green per il modello auto-accoppiato della teoria del campo di Thirring. Si trova che il 
problema infrarosso non genera particolare difficoltà. Sorge la questione sul modo di 
definire i prodotti degli operatori di campo singolari in punti coincidenti dello spazio- 
tempo e si mostra che le relazioni di commutazione per questi prodotti non vengono 
espresse coerentemente facendo uso delle espressioni formali e delle relazioni di com- 
mutazione canonica. Si studia il problema della invarianza di gauge in un campo 
che la corrente e la densità di carica non commutano in tempi 


uguali, e b) che questo è necessario per l’invarianza di gauge delle equazioni del campo, 
e coerente con essa. | 


esterno e si mostra a) 


si , 
(*) Traduzione a cura della Redazione. 
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Note on the A/-: Selection Rule in the Composite Model 
of Elementary Particles. 


S. OKUBO (*) and R. E. MARSHAK (**) 
CERN - Geneva 


(ricevuto il 21 Marzo 1961) 


Summary. — The Salam-Ward hypothesis concerning the AJ=} selection 
rule in weak interactions is examined from the viewpoint of the com- 
posite model of elementary particles. In this theory, the non-leptonic 
weak decays have a different origin than the leptonic decays and are 
attributed to a small perturbation on the strong interactions. 


One is on the horns of a dilemma (*) in attempting to explain the well- 
established (2) AZ = selection rule in non-leptonic weak decays. On the one 
hand, if one accepts a current-current interaction as the origin of both the 
non-leptonie and leptonic weak decays, one is led to introduce neutral baryon 
currents (with (*) or without (*) intermediate bosons) without the analogous 
neutral lepton currents. On the other hand, if one wishes to maintain the 
symmetry between the baryon and lepton currents (which is attractive from 
several points of view (°)), one must seek the explanation of the AJ =} se- 


(*) Supported by the National Science Foundation, U.S.A. 

(*) Guest Professor under the Ford Foundation and Guggenheim Fellow, on leave 
from the University of Rochester for the academic year 1960-61. 

() Cf. L. B. Okun: Proc. of the 1960 Ann. Inter. Conf. on High Energy Physics at 
Rochester (New York), p. 743. Also R. E. MARSHAK: Proc. of the 1959 Ann. Inter. 
Conf. on High Energy Physics at Kiev, Session VIII, p. 269. 

(2) Cf. M. ScHwarz: Proc. of the 1960 Ann. Inter. Conf. on High Energy Physics at 
Rochester (New York), p. 726. 

(©) ID: Ibi armel 0, NE ENCRES 18005, 16068) TIGER) (NEGO) SESIA, 
B. D'Espagnar: Proc. of the 1960 Ann. Inter. Conf. on High Energy Physics at 
Rochester (New York), p. 589. 

(4) A. Pats: Nuovo Cimento, 18, 1003 (1960); Phys. Rev. 122, 317 (1961). 

(5) Cf. R. E. MARSHAK and S. Oxuso: Nuovo Cimento 19, 1226 (1961). 
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lection rule in the special status of the non-leptonic weak decays compared 
to the leptonic decays (9). This second approach has been adopted by SALAM 
and Warp (7) who deduce the AJ =} selection rule in weak interactions from 
a special hypothesis concerning the strong interactions, namely they assume 
that the K-meson field operator K possesses a very small non-vanishing vac- 
uum expectation value in the Yukawa-type strong interaction, say ANK*, 
The purpose of this note is to indicate in what fashion a composite model of 
elementary particles (of the type proposed by SAKATA (*) or the present 
authors (5)) provides a natural basis for the hypothesis of SALAM and WARD. 

The strong interaction Hamiltonian containing both A and .N (nucleon) 
may be written 


(1) H,= D g(AQA(NQA bo 


where Q, denotes the usual five covariant expressions (S, V, 7, A, P), formed 
from the Dirac y-matrices. Note that 


(2) NON = (PQP) + (MQ), 


where p and n represent the proton and neutron respectively. Then, the part 
containing the neutron can be transformed by means of the Fierz identity as 
follows: 


| H, = > g,(40,A)(RQ;n) , 
(3) gen 
| = HA Qi) RQ) : 


Now, in the usual theory, the vacuum expectation value 70,1, must be 
zero, because of strangeness conservation. However, we suppose for the mo- 
ment that somehow 


(4) C; = nO, A> +z 0 for À = S or P. 


ni a SS ’ Qs P TQ u 1 
For 2—V, A or 7, ¢,=0 follows from Lorentz covariance. Then, eq. (3) 
would contain an interaction (°) of the form: 


(5) (fecs)(An) + (fe,)(Aysn). 


(°) The consequences of the AZ=4 selection rule in strangeness-violating leptonic 
decays are identical with the T=} current hypothesis (see R. E. MARSHAK, ret. (E 

(7) A. SALAM and J.C. Warp: Phys. Rev. Lett., 5, 390 (1960). Note added in proof. 
It has come to our notice that a similar idea has already been expressed by T. H 
R. SKYRME; Proc. Roy. Soc., A 252, 236 (1959), eq. (44). | 

(5) S. SAKATA: Progr. Theor. Phys., 16, 686 (1956). 

(*) Such interactions have been already considered by several authors: R. F. SAWYER: 
Phys. Rev., 112, 2135 (1958); H. OBAYASHI: Progr. Theor. Phys., 22; 835 (1959): 


S. OKUBO: Nuovo Cimento, 16, 963 (1960): S. OX 
LO 29691 ; 5. ONEDA, J. C. PATI and B. SAKITA: Phys. 
Rev, 119, 482 (1960). He 
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Thus, if eq. (4) happened to be true, with small constants e, and e, (or f, 
and f,), then the desired A/=4 selection rule in weak interactions would 
follow from the strong interaction eq. (3). Note that if f.-f,:c.‘c, 40, then 
eq. (5) would automatically lead to parity non-conservation. This is some- 
what more natural than the original proposal of SALAM and WARD (7), who 
postulate the existence of a scalar particle K’ with unit strangeness in addition 
to the pseudoscalar K-meson, in order to explain parity violation in non- 
leptonic weak decays. 

We must try to give an argument justifying eq. (4). To do this, let us 
consider the theory of Nambu and Jona-Lasinio (1°). We recall their argument 
for deriving a finite mass for the fermion, starting with a chirality-invariant 
Lagrangian. In the usual perturbational treatment, the vacuum expectation 
value <y(x) p(x)>) must be zero in a chirality-invariant theory. However, 
Nambu and Jona-Lasinio postulate from the beginning that 


(6) C = Pd) y(Z)>o FO 


and, in a self-consistent fashion, they determine the value of the non-zero c. 
We now apply the same type of argument to eq. (4), and in the same way, we 
may obtain a non-zero value for c,. The desired AJ =4 weak interaction 
eq. (5) would then follow. 

Let us illustrate our point of view in greater detail. For definiteness, we 
have recourse to the Tamm-Dancoff procedure previously used by DURR et 
al. (11) and by the present authors (°). Furthermore, for simplicity, we assume 
f,= 0. The equation of motion for the neutron is then 


— 
Ci 
— 


(y a ca ms) n= — f(An)A 4 


and we define the Green’s function K(x—y) by 
(8) K(a— y) = <(n(x) A(y))+)0- 


Using eq. (7), we obtain 


x 


(9) (y 2 + n) Ke — y) = — f, (A(w)n(a) Ala) Ay) =o, 


where we have assumed 


(10) [n(e), A (y) = 0 for do = Yo- 


(10) Y. NamBu and G. Jona-Lasinio: Phys. Rev. 122, 345 (1961). 
(41) H. P. Durr, W. HEISENBERG, H. MirtER, S. SCHLIEDER and K. YAMAZAKI: 
Zeits. f. Naturfor., 14a, 441 (1959). 
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As a first-order approximation of the Tamm-Dancoff method (7), we may 


replace 


Gil) <(A, (x) 0, (2) A, (&) A,(y))+>o0 = <(A,(0)m,(2)) do (A, (2) 4,(y))+>0— 

Lu (A, (2) A,(0))+ o (n,() A,(y))+>o 2 
The second term of the r.h.s. of eq. (11) can be incorporated into the m, of 
eq. (9), i.e., it only yields a mass renormalization and hence we omit this 


term. 
Thus, eq. (11) becomes 


(12) ((A, (2) 0,(@) A, (2) A,(y)+) 0 — (Tr K(0)) - Se — y) ; 


where, of course, S“ (x —y) = <(A(x) 4(y))+\ is the A propagator. Inserting 
eq. (12) into eq. (9), we obtain: 


(y = + ms) K(a — y) = f.(Tr K(0)) SE (@— y). 


Integrating this equation under the assumption that A(x — y) does not con- 
tain any free field part, we find 


(13) K(a—y)= f,(‘Tr K(0)) | dx 6 (ae — a!) SL (x — y), 


ch 


where Gis the Green’ function satisfying the equation: 


o 
(y n nm.) Me oe!) = 60 — 2°). 


wv 


ni Le 3 È LI > ‘ . 
Equating a = y in eq. (13) and taking the trace, we get 


(14) 0, = fo | den Tr [Ga — a!) sa 


where we have put 


ce, = — Tr K(0) 


in accordance with eq. (14). 
Writing out eq. (12), we have 


i es — Dr: * 1 
(15) Os = Cs fe 7 (MAMA — D). 


ì 
di» . , 
Li : P+ mì p? + mA 


2106 


NOTE ON THE A/=} SELECTION RULE IN THE COMPOSITE MODEL ETC. 795 


where the integral is divergent and actually, we should introduce a cut-off 
factor. Eq. (15) gives c,— 0 in general, unless: 


— 44 | 1 1 
16 il = s° = 4 9 = 9 n => 2 e 
(16) x Ca. d'p ni (mama — p°) 


The quantity e, is then completely arbitrary, which is obviously ridiculous. 
The above implies that our approximation eq. (11) is insufficient and we 

must go on to the next approximation. This is exactly similar to 

the situation which DÜRR et al. (45) encountered. The approxi- 


mation eq. (11) corresponds to the fact that we are calculating Divas’ 
a= x 
the bubble diagram, Fig. 1. We must calculate higher order dia- 
Ò n 
grams, see Fig. 2. À 


In Fig. 1 and 2 the broken line represents the new propagator 
K(x — y) given by eq. (8) and the solid line represents the usual Fig. 1 
propagator SE° or S. In principle these contributions can be 
calculated by means of the method of DURR et al. (#1), but we do not give 
the explicit results because they are not particularly interesting. The impor- 
tant point is that eq. (13) will then be transformed 
into a more complicated expression and that, rough- 
ly speaking, we shall have an equation of the form: 


lod | 3 
(17) C, = AC, + aC, + 490% 4 


instead of eq. (15), where a, is given by the r.h.s. 
of eq. (16) in the lowest order in f,. Note that in gen- 
eral there is no guarantee that e, will be extremely 
small. A sufficient condition would be 1Æ4,, è.e. eq. (14) should be satisfied 
to a good approximation. This means that a small non-zero e, can arise when 


there is a suitable restriction in the coupling constant f, in connection with 
the non-perturbative solution of the non-linear equation with which one starts. 
There is no a priori reason why this possibility should not occur but it must 
also be admitted that a demonstration has not been given. 

In this connection, we should remark that the idea of deriving a weak 
interaction as a small correction to a strong interaction is neither new, nor 
difficult. In a simple model, VAN Hove (!*) has shown how such a programme 
can be carried out. 

Finally, it should be emphasized that the proposed explanation for the 
AI — selection rule in non-leptonic weak decays does not work for the lep- 
tonic decays, since there are no strong interactions involving leptons. Within 


(12) L. VAN Hove: Physica, 25, 365 (1959). 
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this framework, the origin of the leptonic weak interactions must be entirely 
different from that of the non-leptonic weak interactions and the universal 
V-A weak interaction should then apply only to the leptonic interactions. 
This differentiation between the non-leptonic and leptonic weak interactions 
has one attractive feature: the parity violation of the leptonic interaction can 
be ascribed to the two-component character of the neutrino. Furthermore, 
this distinction is in line with the idea of the present authors (°) that the occur- 
rence of B-decay may be attributed to the breakdown of the orthogonality 
of the baryon and lepton Hilbert spaces resulting from the switching-on of 
the electromagnetic interaction since the same argument cannot be used for 
the non-leptonic weak interactions. 


RIASSUNTO.(0) 


Esaminiamo dal punto di vista del modello composito delle particelle elementari 
Vipotesi di Salam-Ward sulla regola di selezione A/=4 nelle interazioni deboli. In quella 


teoria, i decadimenti deboli non leptonici hanno una origine differente da quella de. 


decadimenti leptonici e sono attribuiti a piccole perturbazioni delle interazioni fortii 


(*) Traduzione a cura della Redazione. 
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On Weak Pion Interaction in Non-Leptonic Hyperon Decays. 


W. KROLIKOWSKI (*) 


Institute for Advanced Study - Princeton, N.J. 


(ricevuto il 25 Marzo 1961) 


Summary. — It is shown that isotopic and parity properties of non- 
leptonic hyperon decays can be explained qualitatively by a weak pion- 
baryon interaction, in which: (i) pions are coupled to matrices describing 
fundamental (or doublet) and strange isospins of baryons; (ii) all isospin 
matrices are multiplied by a strangeness-changing neutral matrix; 
(ili) the fundamental isospin matrices are multiplied by y;, whereas the 
strange ones are not. It follows form (i) and (ii) that this interaction 
satisfies automatically the rule [AT |— 4 and also the Pais’ rule |AI| =0 
or 1. The hypothetic connection (iii) between t matrices and y; may 


fo 


be significant for understanding the mutual relations of strong and weak 
pion interactions. It gives the « parity clash » discussed by Pars. 


1. — Introduction. 


It is well known that the rule |AT|= + established experimentally for non- 
leptonic weak processes implies the corresponding interaction to be a neutral 
component of an isospinor. 

From the formal point of view the rule |AT|= + leads to the rule | AS|=1 
or |AT;|=+4 but not vice versa. This is a reason, why non-leptonic weak pro- 
cesses are so hard to explain by the current x current interaction, when the rule 
AS = AQ or even |AS|=|AQ| applies to the strangeness-changing part of the 
weak current. Another reason is given by parity properties of non-leptonic 
Y-decays that disagree with the overall maximal parity violation, while the 
weak current has this property. 


(*) On leave from Institute for Nuclear Research, Polish Academy of Sciences, 
Warsaw, and Institute of Theoretical Physics, University of Warsaw. 
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Both reasons have led some physicists to search for a non-leptonic weak 
interaction independent of the current x current hypothesis. Recently PAIS 
starting from former attempts by D’ESPAGNAT and PRENTKI (1) and by TREI- 
MAN (2?) has formulated some conditions, which imposed on the interaction 
bring it to agreement with the isotopic and parity properties of non-leptonic 
hyperon decays (?). 

In the present note a special interaction satisfying Pais’ requirements is 
proposed, but it is not obtained by further specification of those requirements. 
This interaction is based instead on some assumptions of a rather dynamical 
character. Especially the rule |AT|=4 and also Pais’ rule |AT|— 0 or 1 are 
not assumed, but they follow from the structure of the interaction, proposed 
not ad hoc to incorporate those rules. 


2. — Weak pion-baryon interaction. 


As it was previously shown (') the isospin of baryons is given by 
LB e 
(1) TE =| dye BH(0)(} + 182985) BA). 


Here B(x) is a many-component baryon field, 
B ,(x) 
(2) B(x) = | Baz, (x) 


B saya, (©) 


where 
p Bo. — Bs 
DE ee eer, 
n ; /2 LUE; 
, VA 
(8) OR: È 
SO Bis + Be v-_- BR 2°] (EPC — Bret 
we 79 ’ «i = Log = (am Va ; 
Va 57] V2 


= are Ll_igagni ay o : 
T=(T,,) are 3-isospin matrices acting on B(x); and finally È, or &* are matrices 
acting on B(x) and then annihilating or creating the strange degree of freedom 


al 


B. D’ESPAGNAT and J. PRENTKI: Phys. Rev., 144, 1366 (1959). 


(a) 
(2) S. TREIMAN: Nuovo Cimento, 15, 916 (1960) 
(8) 


À on eS: Nuovo Oimento, 18, 1003 (1960); preprint UCRL-9460 (1960). 
(*) W. KROLIKOWSKI: Nucl. Phys., 8, 461 (1958); 17, 421 (1960); 28, 53 (1961) 
preprint IAS (1961) (submitted for publication in Nuel. Phys.) 
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of baryons, x. Anticommutation relations imposed on é, and £* imply an ex- 
clusion principle for strange degrees of freedom of baryons, called intrinsic 
Pauli principle (4). The isospin index A= 1, 2 corresponds to charges +e, 0, 
whereas the isospin index «= 1, 2, corresponds to charges 0, — e. For detailed 
explanation of all used symbols compare (1). 

Remark that bilinear forms BE, B and Ba 1B @ie BE: D. 1085 B B are isospinors 
and isovectors respectively. We can see that isospinor transformation pro- 
perties are intimately connected with the change of strangeness and just this 
fact will enable us to relate the rule |AT|=4 to the rule |AS|=1, if some 
dynamical assumptions are made on the interaction. Note that the neutral 
component of a bilinear isospinor is labelled by «= 1. 

The parts of T’ corresponding to it and a, have been called the 
fundamental and strange isospin respectively (4). Denote them by T? and T%. 
The doublet symmetry (DS) or restricted global symmetry (RGS) of strong 
or weak pion-baryon interactions can be defined as an invariance under trans- 
formations generated by the T,= T$+ pion isospin. Isospins T, and T,= T? 
are identical with I and K isospins discussed by PAIS (3), as far as baryons 
and pions are concerned. 

It is well known that the strong pion-baryon interaction was suggested to 
have the DS and to be of the form 


(4) Bg, (E56,\7s0 Bn = 
= [9,(0)NystN + 9,(1)(Vyst¥ + ZystZ) + 9,(2) 57505] x, 


where 
2 
p 
ne a Y,= Ba omen @ 
(5) 
29 + A 
2 RACE = 
L4>= 85> ’ Si NE La 
DIS 


Here g,(2) stands for an unknown function. If g,(A) — const, we have the 
global symmetry. 

If (4) is true, one can ask a somewhat philosophical question, why pions 
are coupled only to t and not to So In interaction (4) t is multiplied 
by y;. Suppose for a moment that t must appear in couplings always together 
with y;, whereas Er, ;É; without y;. Then, pions cannot be coupled to È TÉ, 
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since they cannot be coupled by the form 
(6) BG (ELE) en TapSp BT; 


if the PO-invariance is to hold. 

Remark, however, that in the case of vector coupling y,0,7, pions can 
be coupled both to y;t and Sea without violating the PC-invariance. We 
assume it is just the case for the non-leptonic weak interaction. We get then 
the « parity clash » discusseed by PAIS. 

Now, let us formulate explicitly our assumptions about the weak pion- 
baryon interaction: 


i) pions are coupled to isospins: t-m and &,7,,,-7, 

ii) the rule |AS|=1 is valid i.e. t and &,7,,€, must be multiplied by È,, 
iii) t is multiplied by y;, whereas ét,3é; is not, 

iv) vector coupling should be used: y,0,7, 

v) the matrix Cove. spoiling the DS does not appear. 


We can see that the rule |AT|=} follows from i) and ii). Also the Pais’ 


rule, |AT,|=0 or 1 and |AT,|= 43, follows from i), ii) and v), namely coup- 
lings &,t-7 and LAI give |AT,|=0 and 1 respectively, and both give 
|AT,|=4. For é&t-:x our statement is evident, for REA: it follows 
from (9) and (5). Note that coupling &,t-7 preserves the DS as defined 
above, whereas coupling é, sim core violates it. 

There are three independent interactions satisfying conditions i)-v): 


(DI Boi Borea [C,(0) Ny,yst-Y—- (1 )Zy,yst-51 Ont + 
+v2[C,(0) Ny. t+ YG, ( I VAI a ir [¢ , (0) Ny,yst, er NA 1) Ly 45% E] 0,70 
and 
(8) B (AID Scape aes B-0,m = O(1)(— V2Vy 50 nt + Zy,E8,n) 
and 

È ¢ " “Er a 
(9) B Cle Sees x Tapi B B i 0,T = C,(0)(V2 Ny,20,nt + Ny, J 0,70) ’ 


where C,(A) and C(A) are unknown functions. 
Since C,(0), C,(1) and C,(0), C,(1) are arbitrary constants the whole inter- 
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action can be written e.g. in the form (7) + (8)-(9): 


(10) By {0,(ESE, )ysrés + (CRE £,]}B-0, + he. = 


yee Py (Cy + Cys )z A à, PL NY 1 (OF + Oy A} Vs )2 A 070° cè py AU =” Ciy 20 rt — 


+ 


| a 
Yu(00 4 Coy; ) Oe ae + 277,042 OUR PG a Ciys)2T 0,7 — 


ef 
_ È 270) Cyd” d+ + hic. + Ay,(Cy — Oyys)E dt + 


A 


gio 5% Ay Or ee OAs De On To ay (Cy+ 09) E O47 an 
L y" 0 D S— VE Igea 
Ta 4/2 dy (Oy HO AY5 a 7 OT tra V24 Vul 475%" Ont + 


E - NT ENT ; 
EDS, yat C4 + oe Vale Oe = Af 2 A yh pe Ona! aes 


where 0°— C,(0), = C0) and C,= 0,(1), & = CA). 
If C,(4)= const and C,(1) = const, then 


(11) GC 


4) dd œ ? 
and we have here an analogy of the global symmetry of the strong pion-baryon 
interaction. Remember, however, that the DS as defined above does not hold 
here. In the case of (11) interaction (1) fulfills all Pais’ conditions. 

We can recognize from (10) that asymmetry parameters in hyperon decays 
have the properties 


(12) a(it>p+-:°) = — «(À = p + r-) 
and 
(13) «(5t—n+rt)=0, a(x >n+s:-)=0, 


if contributing strong interactions are DS-invariant and if one puts M,=WM,. 
Formulae (12) and (13) are known consequences of Pais’ conditions. Ampli- 
tudes for decays X+—>n-+7+ and & >n+x- are in the case of (10) pure P- 
and S-waves respectively. Further we get 


(14) a(2 At rx) &— œ(À = p +), 


when assuming the global symmetry for contributing strong interactions and 


additionally 


(15) 
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for the interaction (10). Relation (15) is satisfied in particular in the case of 
symmetry (11). When the absolute values of both sides of (14) are taken, 
this equality is a result of Pais’ conditions. Including the minus sign it follows 
from (10) and (15). 

It is known that relations (13) and (14) are in qualitative agreement with 
the experiment. We know also that the mode 2*—p+7° shows, like the 
mode A->p-+ x, nearly maximal parity violation. The relative sign of 
a(St>p+ n°) and «(A -p+7-) has not yet been determined. This nearly 
maximal parity violation suggests that 


(16) = +0, 
and by (15) also 


(17) Ce 

if the helicity of the proton in A->p+n- is left or right respectively. 
When (16) and (17) hold, the interaction (10) contains two different constants 
C and ©’. If in addition symmetry (11) is valid, the interaction (10) takes 
the form 


(18) CBy {pit HET sé, Salt BO, mn +h. c., 


where only one constant C appears. 


Ps ca 


I take the opportunity to express my gratitude to Professor J. R. OPPEN- 
HEIMER for his kind hospitality extended to me at the Institute for Advanced 
Study in Princeton. 


RIASSUNTO (*) 


Dimostriamo che le proprietà isotopiche e di parità dei decadimenti non leptonici 
degli iperoni possono essere spiegate qualitaticamente da una interazione debole pione- 
barione, in cui: 1) i pioni sono accoppiati a matrici, che descrivono gli isospin fonda- 
mentali (o di doppietto) e strani dei barioni; 2) tutte le matrici di isospin sono molti- 
plicate per una matrice neutra, che cambia la stranezza: 3) le matrici fondamentali 
di isospin vengono moltiplicate per y;, mentre non lo sono quelle strane. Segue da 1) e 2) 
che questa interazione soddisfa automaticamente alla legge |AT|=} ed anche alla legge 
di Pais |AT|=0 ed 1. La connessione ipotetica 3) fra matrici T e y; può essere signifi- 
cativa per comprendere le relazioni mutue delle interazioni pioniche deboli e forti. 
Essa dà il « conflitto di parità » discusso da Pais. 


(*) Traduzione a cura della Redazione. 


LETTERE ALLA REDAZIONE 


{La respons bilità scientifica degli scritti inseriti in questa rubrica è completamente lasciula 
dalla Direzione del periodico ai singoli autori) 


Photoproduction of Neutral Vector Mesons. 


M. BASSETTI 


Laboratori Nazionali del ONEN - Frascati 


(ricevuto il 27 Febbraio 1961) 


The striking (') success of the A7=4 rule in explaining the experimental branching 
ratios in A°decay and in K°-decay and in giving a consistent explanation of the 
data for Z-decay and for 7-decay has led to the general belief that this rule may 
correspond to a fundamental symmetry property of weak interactions. It is well- 
known (?) that the A7=$ rule can be embodied in the theory of weak interactions 
if one introduces weak neutral currents besides charged currents — provided there 
is no coupling of the strangeness non-conserving neutral current to the leptons. 
In the intermediary meson theory of weak interactions such currents are coupled 
to hypothetical spin-one bosons. LEE and YANG (*) assume a minimal set of such 
bosons, leading to four particles W+W®, W°W_, of isospin } coupled in a charge- 
independent way to the strangeness non-conserving currents. The set W*, 
— (1/4/2)(W°+W?), W of isospin 1 is similarly coupled in a charge-independent 
way to the strangeness-conserving currents. 

We shall caleulate here the cross-section for the process 


r+p>p+X, 


where X is a neutral vector meson. 

If one adopts the Lee-Yang suggestion, X is to be identified with — (1//2)- 
-(W°+ W?), and is coupled in a charge-independent way to pairs of nucleons. This 
allows one to determine the strength of its coupling from the strength of the coupling 
of the charged W’s. 

Since there is no coupling of W° to leptons (or at most a very weak coupling) 
W° will only decay through its coupling to the neutral strangeness-conserving 
current (pion decay modes) or to the neutral strangeness non-conserving current 


DTT 

(1) See for instance the report by M. SCHWARTZ at the Rochester Conference 1960 (Proceedings 
of the 1960 Annual International Conference on High Energy Physics of Rochester, p. 727). 

(2) See, for instance, R. Garro: Lectures at the International School of Physics, Varenna 1958, 
in Supplemento al Nuovo Cimento, 14, 340, 1959. 

() LEE and YANG: Phys. Rev., 119, 1410 (1960). 
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(K-decay modes). Among the pion decay modes, W°>zx++ x, can serve to the 
identification of the intermediate W°. For energies lower than that required for 
y+p->A+K, any K-decay mode of W° would simulate a process with strangeness 
change. If W° decays according to 
We K~+7* the corresponding thresh- 


J i Xo Y Ai Xo old for direct production of the secon- 
È . daries would be that of the reaction 

Aa Tie POP Py 4 p>K~4+K++p of much higher thresh- 
Mr old. However indirect K~ production 


can be obtained through K° production 

together with a K°--K° transition (4) and K®°—K~ by charge exchange. 

In the first perturbation approximations the diagrams for y+p—-X-+p are 
(OTO 

We have assumed the Lagrangians — iewy,yA, for the electromagnetic vertex, 
and igpy,(1+ay,)yy, for the other vertex with (g2/ MX) == 10-5. 

Assuming charge independence, from the rate of axial and vector coupling of 
B-decay, «a» is about 1.21. 

The result, averaged on the polarization of the initial particles and summed 
on the polarization of the final one is, in the c.m. 


cca (È) ge ] MK, 
LOS \4r, M? 167 Op (Oy + x) 


Mises M? M2) 


Il 


— (4M?4 2M%)|- Lian le al Sars — M*? M¥) PRE pes 
È (pK)  (p'K)|f | di (700) D 2) 


1 1 
> (SM — MZ 
i = GE DE) 


1 | 2M*M} + ML 


2 [OA mA 4 
(pk) (p'K) 


a : Lo E 
(pE)(p'K) tes _ (pK) 


“ [{p'K) | (pK) 
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ME a) 
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The meaning of the symbols in the (2) is: 
Mx mass of the vector meson; 
M nucleon mass; 

o initial nucleon’s energy; 


Og  photon’s energy; 


p initial nucleon’s four-momentum : 
7 ; M 

yp final nucleon’s four-momentum: 
I photon’s four-momentum; 


K, space-momentum of the vector meson. 


(*) A. Pais and O. FICCIONI: Phys. Rev., 100, 1488 (1955). 
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Integrating in dQ we have obtained the total cross section in the e.m. 


SIE Ale MSE,’ 
Mi la 40) OK (@, + Wx) 


i I 
fi M2 M2) — EROS] at | + dra M4 — MS — A{pK)°—4M(pK)+ 


9 A 


-2MX(pK)] — a? Log — 6M?M + M + 2(pK)?— 8M%(pK) + 2M2 (pK) + 


a 2 | 2 V2 
1 ca (pK)? | In (Oy + »')/M | [21 Mi n MN? Mx a? (4 M* Me Mx)] di 
Mz f mai | M2 or J 


[2eyox + 4M2+2M + a(20, 0g — 8M°+ 2 mM DÌ fa? [4 M? (PE) + 4 Moy ox ]|| 
(pK) 299 (pK) MX jte 


The following formulae give the relations between the quantities in the c.m. 
frame and the photon’s energy « #» in the laboratory. 


ME M(M + E) AI 
Og = SS; = + x = DR 
E VW+2ME D eut | à 
_ _ [(2MB —M§)?-- 4M? MX} woo : 
Ki = o/ Me. 2MB , O=V M+ K?,, (pK) =— ME. 
x10° cm 
6 
Ttot 
Sr 4 
4 L 4 
et E 1 
2- | 
cae | 
I na ae 1 ii 1 + 4 da 
0 1 2 es 4 5 65 =? 8 9 10 
E(GeV) 
IE 2 


In Fig. 2 we give the plot of the total cross-section vs. « E », for different values 
of the schizon’s mass using a H, target. 


2117 


IL NUOVO CIMENTO VOL. 


16 Maggio 1961 


X-Ray Induced Conversion 
in the Absorption Bands of Additively Colored KCl (*). 


G. BALDINI, (**) L. DALLA Croce and R. FIESCHI 


Istituto di Scienze Fisiche dell’ Università - Milano 
Istituto Nazionale di Fisica Nucleare - Sezione di Milano 


(ricevuto il 6 Marzo 1961) 


1. The effect of X-ray irradiation 
on the optical properties of alkali halides 
has been studied, so far, by measuring 
the color center production, in parti. 
cular the F center growth curves under 
irradiation. Different mechanisms have 
been proposed, for the # center pro- 
duction. In 1946 (1) F. Serrz suggested 
that the electrons and holes generated 
by the primary photo-electron could 
free single vacancies from small clusters 
and from surface of cracks present in à 
virgin the fluctuations in 
electrostatic charge which oceur when a 
wandering electron or a hole is captured 
by the complex imperfections should be 
responsible of the loosening and of the 


specimen: 


repulsion of vacancies. Later, in his 
review of 1954 (2), Srrrz thought that 
vacancies «evaporate» as a result of 
thermal spikes due to thermal decay 
of excitons captured at jogs on dislo- 


cations or at vacancy clusters. Dif- 


(*) This research was supported by the 
Consiglio Nazionale delle Ricerche. 

(**) On leave at the Institute of Optics, 
University of Rochester, Rochester, N.Y. 

(*) F. SEITZ: Rev. Mod. Phys., 18, 384 (1946). 

(*) F. SEITZ: Rev. Mod. Phys., 26, 7 (1954). 


ferent mechanisms of formation of single 
vacancies and color centers have been 
proposed and discussed later (3). 

The direct optical effect of vacancy 
clusters and dislocations should be 
detectable in the spectral region of the 
tail of the edge absorption, as a per- 
turbation to the exciton absorption due 
either to change of the lattice potential 
or to the breaking of the momentum 
selection rule. Quantitative studies how- 
ever, are uncertain, because the tail of 
the edge absorption is very sensitive 
to the structure and to the purity of 
the sample; clear results have been 
obtained only for the negative vacancies 
and for the F center (a and BF bands). 
It is hence difficult to know directly the 
effect of vacancy clusters 
by means of measurements on the change 
of the absorption spectra. 

We thought it worth-while to 
consider the analogous effect of X-rays 
on vacancy clusters which bind one 
(or more) electrons, namely the changes 
induced by the ionizing radiation on 


X-rays on 


(*) For a review see S. AMELINX: Radiation 
effects in ionic crystals (Rendiconti S.I.F., 1960), 
to be published. 
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the complex absorption centers (M. R 
and N); we have looked also for the 
effect on the Z centers, i.e. on the 


[re Au l 


centers, 


S)7 


Recently Unra and coworkers (5) 


studied the effect of excitons on Æ and U 


and on the complex centers 


0 Zed) 


Absorption spectra 


Fig. 1. = 


beam for 


absorption centers which are present in 
alkali-halides containing small additions 
of alkali earth halides (*). 


(*) Preliminary results were presented at 
the XLVI Conference of the Italian Physical 
Society (Naples, October 1960). Some results 
on the X-ray induced conversion in colour 
centers are mentioned by R. CASLER, P. PRINGS- 
HEI wand 2. MUSTER: Jounn. Chem. PUS 
18, 1564 (1950). 
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of additively coloured KCI 
—— —jrradiated with Æ light at room temperature: for 1h; ... 


at — 180 °C: —— after quenching; 
suceessively exposed to the X-ray 


1h: 30% 


(M, R and N); they found that the 
F > U conversion is due to a local thermal 
effect, because each exciton destroys 
more than one / center. They worked 


with additively coloured crystals, in 


(5) M. UETA, M. Hrrat and H. WATANABE: 
Journ. Phys. Soc. Japan, 14, 253 (1959); M. Upra 
and M. Hrirat: Journ. Phys. Japan, 14, 
546 (1959). 
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order to avoid the recombination bleach- 
ing characteristic of crystals coloured 
We also used 
additively coloured crystals; the work 
on pure salts was done with KCl obtained 
from the Harshaw Chemical Company, 
while contaminated crystals were grown 
in our laboratory by means of Bridg- 


by ionizing radiation. 
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at 59kV and 50 mA; the distance of 
the crystal from the target was approx- 
imately 17 cm. 


2. — The spectrum of the additively 
coloured samples showed a strong F 
band and, seldom, very weak M and Rk 
illumination with 


bands. Successive 


mann and Kyropoulos methods, by -light at room temperature caused the 
D D D 
DÌ r ] 
F 
Di a) L b) J c) 
F 
Sh; F È 1 
i) L + 4 
0.5¢ È 1 
LS et es 
x i à 
Sa M x re 
Step eae eee Ra SAS IR 
re Fer te n 1 SES ER: : cores: — 
0 “10 50 100 min 0 30 60 min 0 60 120 min 
Bigs2. Maximum absorption coefficients of F, M and R bands, at — 180 °C as a function of the 


X-ray exposure time (note the different unit in the abscissae): A) irradiation temperature 20 °C; 


B) 0 °C; 0) — 75 *e. 


10-* about of 
SrCl, or CaCl, to the potassium cloride. 
The crystals were additively coloured 
with K vapour at approximately 550 °C 
for 2h 30 min; quenches were performed 
with an air jet. The absorption measure- 
ments were taken with a Beckmann DU 
spectrophotometer; the cleaned samples, 
~0.4mm thick, were put in a metal 
vacuum cryostat for 


adding a fraction of 


observation at 
liquid nitrogen temperature. The irra- 
diation was made with X-rays obtained 
from a tube having 1 mm aluminium 
windows and à tungsten target operated 


(The base line and the coatribalion of the other bands has been subtracted). 


well known conversion of F centers into 
M, R and N centers; the illumination 
was continued until was 
obtained (Fig. 1). Crystals pre-treated 
in the above indicated way were X-rayed 
at various temperatures, and the absorp- 
tion spectra were recorded, after in- 
creasing X-ray exposure, at liquid nitro- 
gen temperature. 


saturation 


Fig. 2 shows the maximum absorption 
coefficients of the various bands, as a 
function of X-ray exposure time. One 
can see that the shape of the curves 
for a given band is similar at the dif- 


S 
N 
i 


he pa 
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ferent temperatures: the conversion pro- 
cesses among the absorption centers 
are simply slowed down when the X-ray 
irradiation is performed at lower tem- 
peratures. The Æ band grows mono- 


(RS ie 
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long X-ray exposures the absorption 


bands due to the complex centers tend 
The M 
band increases during the first stages of 
the irradiation, 


to difterent saturation values. 


than decreases; the R 


0 


Fig. 3. — Absorption spectra at — 180 °C, of additively coloured KCl: 
—— X-ray irradiated for 1h, at 20°C. 


ab TOO 


tonically; the growth lasts even when 
the conversion process has ended and 
no further change is observed in the 
other bands, because of the usual 
F-center production, characteristic of 
the second (or slow) stage (5). After 


(*) P. W. MITCHELL, D. A. WIEGAND and 
R. SMOLUCHOWSKI: Phys. Itev., 117, 442 (1960). 


SrCl,: ——— kept 4h 


bands decrease quickly, approximately 
in an exponential way; the ratio between 
the intensities of R, and R, remaining 
constant; the X, N, and N, bands 
(which are not shown in Fig. 2) decrease 
at a lower rate, showing a more compli- 
cated behaviour. 

The observed behaviour of the com- 
plex centers could be explained as due 
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to thermal spikes caused by radiationless 
recombination of electrons and holes 
or excitons, or as a consequence of 
hole trapping by the electronic center, 
followed by dissociation of the vacancy 
aggregate, caused by the repulsive elec- 
trostatic forces between the positive 
and negative ion vacancies. A compa- 
rison with the effect of a purely thermal 
bleaching above 200 °C followed by 
quenching seems to show that the first 
mechanism does not play the major 
role, because one obtained, in this case, 
nearly pure F band, while X-rayed 
crystals show a considerable amount of 
M, R and N bands even after very 
long exposures. Moreover, the behaviour 
of the N, and N, bands during a thermal 
bleaching is different from the behaviour 
during the conversion induced by X-ray 
irradiation. 

As to the behaviour of the various 
bands, the following remarks can be 
made. The A band diminishes while 
the F band rises, ruling out any possible 
interpretation of an excited state of 
the # center. The stability of the 
ratio of the intensities of R, and R, 
bands confirms the model which attri- 
butes the two bands to transitions of 
the same center (7). The behaviour 
of the M band can be qualitatively 
explained on the basis of Pick’s mod- 
els (5), which attributes an F structure 
to the #& center, and an F, 
ture to the M center: the 
R>M-+F could explain 
increase of the M band. On the con- 
trary, it seems hard to explain the 
results by means of the MW model of 
Seitz or of Knox (°). 


struc- 
conversion 
the initial 


SE 
carried 


Analogous 
out 


experiences 
crystals 


were 


with containing 


(7) R. HERMANN, M. C. WALLIS and R. F. 
WALLIS: Phys. Rev., 103, 87 (1956); G. R. CoLE 
and R. Y. FRIAUF: Phys. Rev., 105, 1464 (1957). 

(C) HE Prok:; Zeits. Phys, 159; 69 (1960). 

(*) M.S. KNox: Phys. Rev. Lett., 2, ST (1959). 
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; At liquid 
nitrogen temperature the X-ray expo- 
sure does not affect the Z bands. Fig. 3 
shows the absorption spectra of a sample 
containing the F and Z, bands (obtained 
by means of the usual thermal treat- 


F, Z, and Z, centers (*®). 


ments) before and after the X-ray 
D Fe D 
| 
2:55 4 
Phe 4 la 
15} 4 
1F 4 
ti Z 
0.5} 4 
n n 1 4 4 {tL 
O 10 50 min 0 10 50 min 
Fig. 4. Maximum absorption coefticients of Æ 


and Z bands at — 180 °C as a function of the 


X-ray exposure time; temperature of irradia- 
tion 20°C: 
irradiation at room temperature. A 


similar behaviour is shown by the Z, 
band; the rate of Z, > conversion is 
lower than for the Z,--F conversion 
(Fig. 4), while on the basis of a purely 
thermal mechanism for the destruction 
of the Z centers, one would expect a 


(2) See, for instance, P. CAMAGNI, S. Crra- 
SARA and G. CHIAROTTI: Phys. Rev., 118, 1226 
(1960); M. IsHIGURA, E. SIGIOKA and N. Ta- 


KEU CHI : Phys. Japan, 15, 1302 
(1960). 
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faster destruction of the Z,, which is 
thermally less stable than the Z, center. 

In order to gain further insight in 
the process of electron and hole capture 
by the centers, we are now studying 
the change in the absorption spectra of 
additively coloured crystals, containing 
either F, M, R and N centers, or F 
and Z centers, when the sample is 
previously X-rayed, at liquid nitrogen 
temperature, subsequently heated, in 


isc) 


nN 


order to have bursts of free electrons 


and holes. 
* OK OK 


We would like to thank Dr. Fumio 
Okamotro for communicating his unpub- 
lished results on analogous experiences ; 
Dr. P. CamaGni and Prof. G. Cura- 
ROTTI for many useful advices and 
discussions. 
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Some Remarks on High-Energy Inelastie Collisions 
with Small Momentum Transfer. 


P. BECKMANN 


Institut fiir Theoretische Physik - Heidelberg 


(ricevuto 18 Marzo 1961) 


Inelastic processes with small mo- 
mentum transfer are often considered to 
receive their dominant contribution from 
graphs corresponding to the exchange 
of a low mass state between the target 
and the beam particle. For reactions 
of the type A+B +A+4B-+C one might 
expect the graph of Fig. 1 to be espe- 


Fig, JL. 


cially important for small values of 
the momentum transfer 4? = — (p — p')2 
if C is the particle with the lowest 
mass that can be exchanged. We 


use the notation: 


W?2 = (p + q)?, Wires (ce k)?, 


Then the contribution from this 


graph could be written as 
Paca(pp") 
A? + mi, 


Pire Poe (WA 


Here l'\ci(p, p') is the AC vertex 
function and Tro(W?, A”) the elastic 
scattering amplitude for particles B 
and C at ¢.m.s. energy W’ and momentum 
transfer A’. 

We want to compare the contribution 
of graph 1 with the contribution of 
graph 2 (Fig. 2) where particle B is 


Fig. 2. 


first elastically scattered and then dis- 
sociates into B and C. Its contribution 
would be written as 


l'8os(k, 41) 


OT Tite 
4 di Ww mi 
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It seems plausible that for fixed W' 
and A the contribution from graph 2 
becomes larger than the one from graph 1 
if the energy W is only taken high 
enough. This is simply due to the 
fact, that |TAg(W2, A?)|, which at high 
energies mostly containes diffraction 
scattering, increases with JW while 7, 
is independent of W. For instance, 
in inelastic proton-proton scattering 
(ptpo>p+p+7° combined with p+p— 
—p+n+rt) where A is the observed 
recoil proton, setting W' at the (3.3) 
resonance and A?=(m,/3)? one finds 
that for incident proton energies above 
(2+3) GeV in the lab. system graph 2 
would give a larger contribution to 
©0/04°6W'? than would graph 1. For 
this estimate a simple optical model 
for high energy p-p scattering 
been used where 


has 


d o Telast 


dQ TT 


F (AR) |? 
AR 


wichlo Rie IGS eae) VR diesem 
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If one only keeps 1? fixed and 
integrates over WW’ too, at very high 
energies graph 1 would give a larger 
contribution to do/dA*? than would 
graph 2. This is due to the different |’ 
dependence: while |7,|? integrated over 
the angle variables increases with IW’, 
|T,|? decreases. Since the upper limit 
of the W' integration for small 4 
and JV large is approximately given by 
W'=-=mg+(A/m,)W-, the W' integra- 
tion can make up for the W dependence 
of graph 2. But for sufficiently small 
values of (A/m,)W2 graph 2 
would contribute more. 


again 


Finally we remark that for p-p scat- 
tering both graphs have the property that 
their contributions to 02c/0A20W” have 
a maximum at /2= mi, in graph 1 this 
is due to the denominator (A?+m=), for 
graph 2 this is brought about by the dif- 
fraction-like dependence of Tig(W-. 412). 
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J. Irvine and N. MULLINEUX — 
Mathematics in Physics and Engi- 
neering. Academic Press, New 


York e London, 1959; pp. 883. 


In questo grosso volume sono esposti 
numerosi algoritmi matematici, scelti fra 
quelli che si sono rivelati più utili nello 
studio di problemi di fisica o di inge- 
gneria. Avendo di mira esclusivamente 
le applicazioni a tali problemi, l’esposi- 
zione si svolge su un piano puramente 
formale. La parte matematica risulta 
perciò assai mediocre; di maggior valore 
è invece la raccolta di esempi destinati 
ad illustrare l’uso dei vari metodi esposti. 

La materia è divisa in 12 capitoli 
seguiti da un’ Appendice nella quale sono 
richiamate varie nozioni di carattere 
elementare usate nei capitoli precedenti. 
Alla fine di ogni capitolo e dell’ Appen- 
dice vi è una raccolta di 20 problemi 
proposti al lettore; di tutti questi pro- 
blemi son date le soluzioni alla fine del 
volume. 

Un po’ strano può esser giudicato 
l'ordine con cui si susseguono i vari 
capitoli; si può notare, ad esempio, che 
sì comincia con le equazioni a derivate 
parziali (cap. 1) e poi si passa alle equa- 
zioni differenziali ordinarie (cap. II); che 
sì parla della trasformazione di Laplace 
nel cap. IV senza far uso del concetto 
di funzione analitica, riprendendone poi 
lo studio nel cap. X, ece. Ogni capitolo 
appare come una cosa a sè e non si 
scorge un filo conduttore che colleghi i 
vari capitoli e giustifichi la loro succes- 
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sione. Lo stesso disordine si nota in 
seno ad ogni capitolo ove i vari argo- 
menti sono collocati un po’ a caso e 
spesso slegati fra di loro. 

A ciascun capitolo sono aggiunte delle 
notizie bibliografiche; esse sono però 
assai incomplete e limitate quasi esclu- 
sivamente a testi di lingua inglese. 

Le precedenti critiche non debbono 
tuttavia far credere che il nostro giudizio 
sul volume sia del tutto negativo. In 
complesso riteniamo che il libro possa 
riuscire utile ed istruttivo ai giovani stu- 
diosi di fisica od ingegneria; pensiamo 
però che un migliore ordinamento della 
materia ed un approfondimento concet- 
tuale di certi punti avrebbe reso l’opera 
assai più idonea agli scopi che gli Autori 
si erano prefissi. 

Esaminiamo ora rapidamente il con- 
tenuto dei 12 capitoli. Il cap. I, sulle 
equazioni a derivate parziali, è essenzial- 
mente dedicato alle classiche equazioni 
di 2° ordine delle onde, di Laplace e 
del calore ed al metodo di separazione 
delle variabili per ricavarne soluzioni 
particolari; lo stesso metodo viene poi 
usato per l'equazione di 4° ordine delle 
piastre; il capitolo termina con qualche 
generalità sulle equazioni quasi lineari 
del 2° ordine, con particolare riguardo a 
quelle di tipo iperbolico. Il cap. II tratta 
del metodo di Frobenius per le equazioni 
lineari del 2° ordine con applicazioni alle 
equazioni di Bessel, di Legendre, iper- 
geometrica, ece.: sono introdotti i poli- 
nomi di Tschebyscheff, di Jacobi, di 
Laguerre, di Hermite e vien data qualche 
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nozione sulle serie semiconvergenti; si 
passa poi ad un certo tipo di equazioni 
non lineari, descrivendo per esso il me- 
todo delle perturbazioni. Nel cap. III 
si studiano le funzioni di Bessel, di Le- 
gendre e si danno brevi cenni sulle fun- 
zioni sferiche. Nel cap. IV è esposta la 
teoria elementare della trasformazione di 
Laplace con varie applicazioni (calcolo 
simbolico). Il cap. V è dedicato alle ma- 
trici; oltre alla parte elementare, sono 
esposti vari teoremi sugli autovalori e 
descritti metodi di calcolo 
Il cap. VI è rivolto alla meccanica ana- 
litica, sia classica che ondulatoria (equa- 
zioni di Lagrange, Hamilton, Schrô- 
dinger). Il cap. VII è dedicato al calcolo 
delle variazioni nell’indirizzo classico, in 
una o più variabili; son fatte applica- 
zioni ai problemi di Sturm-Liouville, 
all’equazione delle piastre e son esposti 
sommariamente i metodi di Ritz e di 
Trefftz per il calcolo degli autovalori 
Il cap. VIII contiene le prime nozioni 
sulle funzioni analitiche di una varia- 
bile complessa e la rappresentazione con- 
forme; notevoli le applicazioni idro ed 
aero-dinamiche. Nel cap. IX si prosegue 
lo studio delle funzioni analitiche, ser- 
vendosi del concetto di integrale e son 
date molte applicazioni del calcolo dei 
residui; si tratta anche del criterio di 
stabilità di Nyquist e degli sviluppi asin- 
totici, esponendo il metodo del punto 
di sella. Il cap. X contiene nozioni sulle 
trasformazioni di Fourier, di Laplace, 
di Hilbert (con un cenno su quella di 
Hankel) e sulle loro formule d’inver- 
sione; varie ed interessanti le applica- 
zioni. Nel cap. XI sono esposti metodi 
di calcolo numerico; poche ed assai ele- 
mentari le cose esposte; a nostro parere, 
questo capitolo avrebbe meritato un ben 
maggiore sviluppo. Infine il cap. XII è 
dedicato alle equazioni integrali; anche 
questo capitolo ci sembra redatto molto 
sommariamente perchè in esso si tratta 
quasi esclusivamente della traduzione in 
equazioni integrali di problemi sulle equa- 
zioni differenziali. 


numerico. 
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È chiaro da questo sommario che, 
come già si è detto, il libro è in sostanza 
una specie di dizionario di nozioni mate- 
matiche disposte alla rinfusa; ripetiamo 
però che queste nozioni sono tutte illu- 
strate da numerosi ed efficaci esempi e 
che questi costituiscono la parte migliore 
e più convincente del volume. 


A. GHIZZETTI 


= 


YIFTAH, D. OKRENT and P. A. 
MOLDAVER — Fast Reactor Cross- 
Sections. A Study Leading to a 
16 Group Set. Pergamon Press, 
London, 1960; pp. 130; s 35. 


(99) 


L'interesse per i reattori veloci, do- 
vuto alla possibilità di breeding che 
tali reattori offrono, è testimoniato dal- 
l’intensa attività di ricerca svolta in tale 
campo. 

Accanto a misure di dati microsco- 
pici su materiali fissili, fertili, refrige- 
ranti o strutturali, sono state eseguite 
misure integrali su insiemi veloci, critici 
o sottocritici. I parametri microscopici 
sinora misurati sono tuttavia insufficienti 
al calcolo di tali reattori, generalmente 
svolto con teorie a molti gruppi e mac- 
chine calcolatrici. I gruppi di costanti 
da impostare in queste teorie sono lar- 
gamente frutto di interpolazioni sia per 
quanto riguarda gli intervalli di energia, 
che per quanto riguarda l’intero anda- 
mento dei parametri nucleari di un nu- 
clide, con riferimento a quelli vicini. 
La procedura seguita nel fissare le co- 
stanti per ogni gruppo di energia, con- 
siste generalmente nell’aggiustare « a po- 
steriori ) ed empiricamente alcuni para- 
metri microscopici al fine di ottenere 
l’accordo tra i calcoli eseguiti ed un 
certo numero, limitato, di risultati di 
esperienze integrali. Come gli Autori rile- 
vano, questo metodo non dà la possi- 
bilità di stimare la validità delle costanti 
impiegate e rende difficile l’inserimento 
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di nuovi o più precisi dati microscopici 
nel complesso dei dati utilizzati. 

Pertanto gli Autori hanno preferito 
stabilire, indipendentemente dai dati 
integrali, un insieme di dati microscopici 
per 16 gruppi di energia, avvalendosi di 
quanto noto fino al Marzo 1960. 

Merito principale del libro è quello 
di spiegare sempre i motivi delle scelte 
fatte sia quando si avevano a disposi- 
zione diverse misure non concordanti, 
sia quando era necessario, in mancanza 
di dati sperimentali, interpolare tra dati 
noti. Naturalmente la spiegazione effet- 
tiva della scelta fatta è data solo per 
sommi capi e consiste essenzialmente 
nel rimandare il lettore alla bibliografia 
sull’argomento che è ricca ed aggiornata. 
Questo è però da considerarsi inevitabile 
in un lavoro che riassume una situazione 
sperimentale ancora fluida. 

Il paragone tra le previsioni teoriche 
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ed i risultati di esperimenti critici mostra 
che l’insieme delle costanti microscopiche 
scelte porta a prevedere rapporti tra 
sezioni d’urto medie generalmente in 
buon accordo con i dati sperimentali. 
Malgrado alcune deviazioni, ciò è indice 
di un ragionevole successo nella preci- 
sione dello spettro neutronico. 

Non altrettanto buona è la preci- 
sione delle masse critiche che risultano 
sempre minori di quelle sperimentali. 

In generale si può quindi dire che il 
libro in oggetto rappresenta una guida 
aggiornata sulla situazione attuale nel 
campo della misura dei parametri nu- 
cleari per neutroni veloci. L'aggiunta di 
un capitolo che, sia pure sotto forma di 
tabella, riassume per 25 nuclidi gli inter- 
valli di energia entro i quali mancano 
dati sperimentali, e le contraddizioni tra 
i risultati di vari sperimentatori è un 
altro pregio del volume. 
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